THE ITERATED STIELTJES TRANSFORM*

BY
R. P. BOAS, JR. AND D. V. WIDDER

INTRODUCTION
This paper is concerned with the iterate of the Stieltjes transform

* da
(1) f(x) = j; - -I(-t)t ’

which in turn is the iterate of the Laplace transform

2) f(x) = j; e*tda(t).

It is knownt that (2) can be inverted by use of the differential operator of

infinite order
( —_ l)k k k+1
iim (=) 5o,

k> k'

an operator which annuls the functions
3) ‘ f(x) = x*, k=0,1,2,---.
It is also known} that (1) can be inverted by use of the linear differential
operator of infinite order
_(_—__t_)i [tkf(t)](zk—l)
1w Bl(k — 2)! ’

an operator which annuls the functions (3), where now %k runs through the
negative integers as well.
When the transform (1) is iterated, one is led to the transform

@ ) = f‘” du f‘” do(2)
z 0o X + uJy u + t,
or, when it is permissible to change the order of integration, to the transform
“ 1 ¢
) i(x) = f log (/1) da(l).
0 x—1

* Presented to the Society, October 30, 1937; received by the editors October 1, 1937.

t D. V. Widder, The inversion of the Laplace integral and the related moment problem, these
Transactions, vol. 36 (1934), p. 107.

1 See the paper of D. V. Widder cited in §3.
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To distinguish between these two cases we refer to (4) as the serated Stieltjes
transform and to (5) as the S: transform. We show that the existence of the
integral (5) implies the existence of the repeated integral (4), but not con-
versely.

It should be observed that the kernel

(x — 9)~*log (x/1)

becomes infinite as ¢ approaches zero. For this reason the integral (5) must
be understood to mean

lim f i lig-—(x/—l)dm(t).

«0, B—w x—1

When it is desirable to emphasize that this Cauchy value of the integral is

intended, we write it as .
* log (x/t
[
04+ x — ¢
In the first part of the present paper the inversion of the integrals (4) and
(5) is discussed. It is found that the inversion operator is again a linear differ-

ential operator which annuls the functions (3) for k=0, +1, +2, - - - and in
addition the functions

f(x) = x*log =, E=0,+1,+2---.
For k an integer greater than unity we define an operator Hy,[f] by the rela-

tion

2
Hi lf(x)] = [m] {t2k—l[t2k—lf(k—l)(t)](2k—l)}(k).

We are then able to show that if «(f) is an integral and is of such a nature
that (4) or (5) exists, then

lim Hy,[f(x)] = o'(¢)

k— oo

for almost all positive values of ¢. If a(#) is of bounded variation in every
finite interval and is of such a nature that (4) or (5) exists, then

blatt4) + ot )] = @) + Im [ Huuli)in

for all positive values of ¢.
In the remaining part of the paper necessary and sufficient conditions for
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the representation of functions in the forms (4) and (5) are discussed. The
most important results are summarized in the following table.

Class of the function a(t) Condition

(A) Non-decreasing H:.[f]=0, (¢>0)

(B) Of bounded variation on (0, «) S He | dt=M

(C) Integral of a function of L?, (p>1) S Heilflpdt=M

(D) Integral of a function of L Lim. &, Hy,.[f] exists

(E) Integral of a bounded function |Hy, [f]| =M, (¢>0)

(6) f(x) = o(z7), x—0+,
f(x) = o(1), x— o,

An entry in the right-hand column of this table indicates that those con-
ditions for an infinite sequence of positive integers # plus conditions (6) are
necessary and sufficient for the representation of f(x) in the form (4) with
a(?) a function of the class described in the corresponding left-hand column.
It is found that an additional condition must be added, except in cases (A)
and (C), for representation in the form (5).

The method of proof is such that from the conditions in the right-hand
column one must be able to infer that

SO = ot 20+,

J®(x) = o(27%), x— o,

for all non-negative integers k. This is done by use of a result of R. P. Boas*
concerning the asymptotic behavior of Euler differential forms.

The proofs of our representation theorems are necessarily complicated by

the fact, observed above, that the kernel of equation (5) is not bounded. A
bounded auxiliary kernel

_ log (x/)7 ° u%du
E( 1) = Q’[ ] B 2xfo (% + )t + w)?

where
/)] = x[+¥'(%)]",

is used. Conditions for the representation of f(x) in the form
1@ = [ B, Hdaty
0

* See the reference in §14.
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are first obtained, and the transition to the form (4) is then made by use of a
Tauberian theorem.

The two inversion formulas, for S, transforms, and the representation
theorem (C) have been previously announced by D. V. Widder.*

CHAPTER I. PROPERTIES OF THE TRANSFORMS

1. The S, transform. Let o(«) be a function, defined on (0, «), of bounded
variation on every interval (e, R), (0 <e <R < =), and normalized by the con-
ditions
(1.1) a(0) =0, a(u) = }[a(u +) + a(u — )], u > 0.

For x>0 we consider the limit

(1.2) f) = lim da(?),

«0+, Ro»

f" log (x/t)
€ X —
where (log x—log £)/(x—¢) is defined by its limiting value 1/, for t==x.

DEFINITION 1.1. For any points x>0 for which the limit (1.2) exists, déﬁn-
ing a function f(x), f(x) is said to be an S: transform, convergent for suck points.
We write

“ log (x/¢)
(1.3) f(x) = f ——da(t).
0+ x—1
The function a(t) is called the determining function of f(x).

THEOREM 1.1. If the S transform (1.3) converges for some %,>0, it con-
verges for every x>0 and converges uniformly in any interval a Sx <A, where
0<e<A <,

It is necessary to show that the two integrals
* log (x/t) o/2 log (x/t)
(1.4) [, [T
24 X — o+ x—1

converge uniformly, esx<4.
To discuss the first integral (1.4), we set

* log (= / u)

80 = [ datw),  6B) =0,
Yo —

where B >24 is a sufficiently large constant. By hypothesis, 8( =) exists. For

a<x=<A4 and R>B,

* D. V. Widder, The iterated Stieltjes transform, Proceedings of the National Academy of Sci-
ences, vol. 23 (1937), pp. 242-244.



1939] THE ITERATED STIELTJES TRANSFORM 5

B log (x/t) _ E logx—logt =z —¢
fB da(t) = fB a8

x—1 log %o —logt x—1¢

logx —logR x— R
= B(R)

log o —log R x— R
X0 — t dt
x — ¢t t(log xo — log #)?

x R
—log— | B®
Xov B

log x — log ¢ dt

~m-n [ “80)

=.71—Jz—13.

log g — log ¢ (x — 8)?

Now let R— . The term J, is S(R) multiplied by a bounded factor which ap-
proaches unity, so that limg..J1=B(«), uniformiy for a<x<A4. Since 8(#)
is bounded, it is easily seen that J; is dominated by an integral of the form

© Madt
f t(C + log £)? ’
where M and C are constants, independent of x, and that J; is dominated by
an integral of the form
©  Madt
/ C+o

Thus J, and J; approach limits as R— «, uniformly for a<x<A4. To treat
the other integral (1.4), we consider

(1.5) lim

04

da(?),

x — ¢

f“” log (x/%)

and set x=y"!, t=%"1, and e=R~!; the limit (1.5) becomes

imy [ 20 by, A = [ (= odaty,

R—w 2fa Y — U 2/a

which is a limit of the form already discussed.

We have defined the S, transform only for a real variable x. If we regard «
as a complex variable in (1.2) and admit all determinations of the logarithmic
function, we may still call the function defined by (1.2) an S, transform. In
this paper we shall not discuss the S, transform in the complex domain; but
we state here, without proof, some of its properties.
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THEOREM 1.2. If an S; transform converges for any complex x7=0, with any
determination of the logarithm, it converges for every x not on D, the positive real
axis, with any determination of the logarithm, and for x on D if the principal
value* of the logarithm is used. If, in a region S in which the S: transform con-
verges, the determinations of log x used form an analytic function, then the Se
transform represents a function analytic in S. The analytic function obtained by
using the principal value of log x and continuing the result analytically has x=0
as a singular point.

2. Lemmas on Stieltjes integrals. We prove the following lemma:

LemMA 2.1. Let f(x) be bounded, nonnegative, and monotonic on the (finite)
interval a <x<b. Let a(x) have bounded variation on a <x=<b. Let [f(x)da(x)
exist. Then, according as f(x) is non-decreasing or non-increasing,

b
O 1b. [o®) — o] = [ fddata) S [@ wb. [«®) - )],
asSzsH a a<zsd
or
f(@) Lb. [a(z) — a(e)] = f f(®)da(x) = f(a) u.b. [a(x) — «(a)].
asSzsH a aszS)d

This lemma will usually appear in the form which it assumes when
a(x) = [70(t)dB(£), where B(¢) is a function of bounded variation on e <x<b,
and ¢(¢) is a bounded function such that a(x) is defined. If a(x) is a Lebesgue
integral, the lemma reduces to “Bonnet’s theorem,”} since (taking for defi-
niteness the case where f(x) is non-decreasing)

a(x) — ala) =f o/ (ddt,
and since the continuous function
10 [ " ta

takes on every value between its maximum and minimum, and, in particular,
the value

f f@®O(t)ds.

* —x<3[log x] =, where the symbol & denotes “imaginary part of.”
t See, for example, E. W. Hobson, The Theory of Functions of a Real Variable and the Theory of
Fourier’s Series, vol. 1, 1927, p. 618.
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The two cases of the lemma are equivalent, by the substitution —y=x.
We consider the case where f(x) is non-decreasing. Then

[ 100at) = = [ s201e0) - o)
- SO = a(@] + [ la®) — a(a))ofta
< /@) b a®) = o] + ub. [o0) — a(a)] [ 402
- 1 usbs [a(®) = a(a)].

The inequality in the other sense is established similarly.

LEMMA 2.2. Let f(x) be bounded, nonnegative, and monotonic on the (finite
or infinite) interval (a, b). Let a(x) have bounded variation on (a+e¢, b—€)* for
every (sufficiently small) ¢ >0. Let A and B mean, respectively, either a or a+,
bor b—. Then if a(b—) and [ f(x)da(x) exist, and zf f(x) is non-decreasing,
then

f(d =) Lb. [a(d =) — a(x)] < f f(2)da(x) < f(b =) u.b. [a(d =) — a(x)];
aSzSY A asSzSY
if a(a+) and [2, f(x)da(x) exist, and if f(x) is non-increasing, then
B
fle+)Lb. [a(x) —ale+)] = f f(®)da(x) < f(a +) u.b. [a(x) — ala +)].
asSzSd a+ [ Mt A1)
Let us consider the case b < ©, 4 =a; the details for the other cases are

similar and may be left to the reader. We determine, for ¢>0, a function
8=208(e) >0 such that

b—
Ia(b ) —aldb =9 = ‘fb_t‘ia(t) S 11._% 5(e) = 0.
Then by use of Lemma 2.1,
f(t)da(t) > f(b — 8 Lb. Hda(t)

a aSzS0-8

w013, [ w0 ]

= f(b'— 3) Lb. f da(t) — (b — 8).
asSzS)H z

*If a= — 0, at¢ means —¢1; if b=} 0, b—e means L
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Let e—0; then we obtain our inequality in one sense. The opposite inequality
is obtained similarly.

LeEMMA 2.3. Let ¢(t) have bounded variation on a <x <b for every b>a; let
(o) exist. Then if [(8)de(t) exists for every b>a, and if Y(i) is, for ¢ greater
than some t,, non-negative, monotonic, and bounded, the integral [y (t)do ()
converges. If Y(t) depends on a parameter, and if to and the bound for Y(t) are
independent of the parameter, the convergence is uniform with respect to the
parameler.

In the applications which we shall make, the lemma will usually occur
with ¢(f) an integral. When ¢(f) is a step-function, the lemma reduces to
“Abel’s test” for infinite series.*

The lemma is a simple consequence of Lemma 2.2. Assume 0=y(?)
<B,(t>t,). Given ¢>0, choose T so large that for 7"/ >T'2T,

| $(T") — &(T") | < eB1.
Take S’>S>T. Then

¥S) u.b. |6(S) — &(s)],
858''58°

s’
d =<
|, voss | <4, 0" s — wio,
SéS’,SS’

according as y/(¢) is non-decreasing or non-increasing, respectively; and

<e, S'>8S>T.

BI
. ¥(0)do(®)

This establishes the stated convergence.

LEMMA 2.4. Let ¢(t71), Y (¢72) satisfy the conditions of Lemma 2.3 with a >0.
Then the integral [ :’:¢(t)d¢(t) exists.

This is reduced to Lemma 2.3 by the change of variable =",
One simple application of Lemmas 2.3 and 2.4 is worth stating separately.

LeMMA 2.5. If the S; transform (1.3) converges, the integrals

U2 da(t) * da(t)
2.1 f.p, 1—1t j; 1—1¢

converge.

If (1.3) converges, it converges for x=1. Since the functions —1/log ¢ and
1/log ¢ are positive, monotonic, and bounded on (0, 1/2) and on (2, «), re-

. K Knopp, Theory and Application of Infinite Series, 1928, p. 314.
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spectively, the convergence of (2.1) follows by Lemmas 2.4 and 2.3 from the

convergence of
“ logt
f da(t).
o+ 1

4 _t

3. The determining function of an S; transform. We prove the following
theorem:

THEOREM 3.1. If (1.3) converges, then a(0+) exists, and

3.1) a(t) — a(0 +) = o(— 1/log ?), t—0,
3.2) fwu—lda(u) = o(1/log ¢), t— o;
(3.3) a(t) = o(t/log ¢, t— e,

From Theorem 1.1 and Lemma 2.5 we see that

fu'z 1logt da)., f: 1logt dall), fuz d“;(,)_ f: _ﬂ’_(‘l

o+ -t —t o+ 1—1¢ 1—¢

converge; a simple application of Lemmas 2.3 and 2.4 then shows that

(3.4) f 0: da(t),

3.5) f ; log ¢ da(l),
(3.6) fl °°t—l log ¢ da(?),
(3.7) f1 ey

exist. The existence of (3.4) implies the existence of a(0+). If we then write
¢ ¢ d ¢
a(t) — a(0 +) =f da(u) =f —@, B() =f log 4 da(u),
o+ o+ logu o+
we have, because (3.5) converges,
ﬁ(t) = 0(1)7 t'—)o,

a(t) — a0 +) = &- - ‘ B(u)d(1/log u), 0<t<1,
lOg t 0+

= o(— 1/log ¥), t—0.
This is (3.1).
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Since (3.7) converges,
0 © 1 L]
f rida(t) = f — dB(u), B@) = f w1 log % da(u).
¢ ¢ logu ¢

The convergence of (3.6) implies that () =0; hence

f lda(f) = i(l - f B(w)d(1/log %), t>1,
t

= o(l/log t), t— o,
This is (3.2), and (3.3) may be obtained from it; or we may proceed as follows.

Because
f” log ¢ da(?)
o 141

converges,

B(t)=j;‘10guda(u)=o(t), t— o *

Then with §(2) =0,

_ [ loguda(u) r* dp(u)
olf) — o2) = fz log u B fg log u

- 1’;(2 - [ sedasog u) = otpig ), 1>,

4. Properties of the St1elt1es transform. The Stieltjes transform in its
usual form
@y s = [
B xX) =
o x-+¢
assumes a(f) of bounded variation in 0 <¢=<R for every positive R. We shall
need to consider also the transform

_ * da(t) _ . B da(t)
(4.2) f(#) —f0+ p ‘,_,off},_...[ 4t

where a(t) is of bounded variation in (¢, R) if only 0 <e<R< «. For ex-
ample, if a(f) =¢ sin (#~!) when 0<¢<1, and if a(f) =0 when #=0 and when
1<i{=< «, then (4.2) exists although (4.1) is undefined. On the other hand
f(x) =2! can have the representation (4.1) but not (4.2).

* D. V. Widder, The Stieltjes transform, these Transactions, vol. 43 (1938), pp. 7-60.
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By an obvious change of variable we have

f‘” da(t) _ f“ da(t) 1 f“’ tda(1/)

o X+ ¢ 1 x4+t xJr b4 x?

The first integral on the right is in the form (4.1); the second is also except
that x has been replaced by its reciprocal. This enables us to derive easily the
facts we need concerning (4.2) from the known results about (4.1).* In par-
ticular we showed in §3 that the convergence of (4.2) at x =1 implies the exist-
ence of a(0+).

We summarize what we shall need in the following theorem:

THEOREM 4.1. If (4.2) converges for some x,>0, it converges for every x>0,
and converges uniformly on any interval R=x26, (0<§<R< »); f(x) is ana-
Wytic for x>0, and its derivatives may be evaluated by Leibniz’ rule; furthermore,

“4.3) a(0 +) exists;

4.4) a(t) = o(t), t— o
4.5) ™ (x) = o(x—m 1), x—0,n=012---;
(4.6) ™ (x) = o(z~™), x—o o, n=012- -,

5. The S; transform as an iterated Stieltjes transform. The .S; transform
was obtained by formally changing the order of integration in

© dt “ da(u)
5.1) f f :

o+ *+tJop L+ u
In this section we shall show that this formal process is not always permissi-
ble; that is, that (5.1) may converge when (1.3) does not. We shall show,
however, that when (1.3) converges, (5.1) also converges, and we shall ob-

tain necessary and sufficient conditions for the convergence of (5.1) to imply
that of (1.3).

DEFINITION 5.1. Let a(t) be a normalized function, of bounded variation on
every (e, R), (0 <e <R < »). Then the iterated integral (5.1), if it exists, is called
an iterated Stieltjes transform; a(t) is called its determining function.

LemuMA 5.1. The function

H(u) =

u

1
log u 0gu+e

decreases if 0<e<eland 0<u<e'l—e.

* G. H. Hardy and J. E. Littlewood, Nofes on the theory of series (XI): On Tauberian theorems,
Proceedings of the London Mathematical Society, (2), vol. 30 (1930), pp. 23-37; D. V. Widder,
op. cit.
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For the proof, we have

) 1 (1 1 ) 1 1 u
u) = — —_
u(log u)? ogu + e

logu \u u+e
_ —1{ % log(u+e)}
ulogulu 4 ¢ log u ’

which has the sign of the expression in the braces. For 0 <# <e~!, the function
u log 4! increases; and if 0 <u+e<e~1, then

1
(v + ¢€) log > u log —»
%+ e %
1
og (4 + € S u ’
log u %+ e
and we have H'(x) <0.
THEOREM 5.2, If the S: transform
® 1 ;
(5.2) f Log 579 i)
o+ x—1

converges, then the iterated Stieltjes transform
f“ dt f” da(u)
o 2+ tdor L4 u

converges, and the two are equal.

By Lemma 2.5 and an application of Lemmas 2.3 and 2.4, it can be shown

that
f“ da(u)
o L+ u
converges; by Theorem 4.1, it converges uniformly on (¢, R), (0 <e<R< »).
Hence for x>0,

f.n x‘flt-tfo: fiu«i =fo:d“(“)£R (x+t;l:u+t)

®  x+4+ R da(w) ® x4 € da(u)
=f log —f log
0+ 0+

#“+ R u—=x u+eu—=x

=I4+J.
We shall show that limg., I =0, lim..o J =f(x).



1939] THE ITERATED STIELTJES TRANSFORM 13

We take any x >0 and fix it throughout the discussion. Then
©® 1 x+€ u
J — f(x) = f log ( )da(u)
o+ X — x u-+

u €

z—38 e z—§
=logx+€ da(u)_(f +f )logu+eda(u)
0+ $

(5.3) % o X—u u x—u
+(f=+a+f9°)log(x+e u )da(u)
28 248 x ute/x—u
=Ji+Je+Js+Ts+ JTs, 0<¢<zx—06<u.

IIlJ4

1 z 1 1
|G )
x—uJy \t+ ¢ t

€

=< .
(x —8)(x—0+4+¢

1 x+e u
log( )
x—u x u-+e

Fix 6, (0 <d<x); then

| 74| = | da(ne) | = (1), e—0.

¢ f o+
(x—8)(x—00+ € s
With fixed §, it is clear that Jy=0(1), (e—0).

For >0,
x+eu+¢€
log( )

x u

is a positive, decreasing function of #; since

f” da(u)

48X — U

converges, the integral J5 converges, by Lemma 2.3, uniformly with respect

to ¢, (0<e<1). Then we may let e—0 under the integral sign in J; and thus
obtain Jy=0(1), (e—0).

Since e—0, we may suppose that e<(2e)~. Let {=(2¢)~. Then {+e

<1/e, and by Lemma 5.1, H(u) decreases for 0 <u <{. But H (%) =0, H(u) is
bounded (uniformly with respect to € for 0 <e <(2e¢)~%, lim,.o H(%) =0, and

Jg=frH(u)-l£—(—l—/—u—)da(u).
o+ x— U

By Lemma 2.4, this integral converges uniformly with respect to e, since
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Slog (1/u
f g (1/u) doc(u)
4+ X — U

converges, and we may therefore let e—0 under the integral sign. Hence
J2=0(1), (e—0).
Finally, log [(»+e€)/u] is positive decreasing in J3; and
u

f" " do(u)
¢ istsi-s|Jp x—u

= o(1), e—0.
To show that I—0, we set x=y"1, R=7"!, and ¢t=w%"1. Then

_ © n+y u\ dB(%) _ “
I —fwlog<n+u y>y—u, B(u) = —yfwtda(t‘l),

| 73] < log i1

which is an expression of the same form as (5.3); the S, transform

f” log (x/1) a8(%)

0+ x — ¢

converges if (5.2) does, as the change of variable uw=¢"! shows. Hence
limn.w I=0.

THEOREM 5.3. If the iterated Stieltjes transform
© dt ® da(u
(5.4) f f 2
o+ X + t 0+ t + U

converges, the S: transform

f” log (x/t) dac(t)
0

-+ x— 1
converges (and is equal to (5.4)) if and only if
(5.5) a(t) — (0 +) = o(— 1/log ¥), t—0,
(5.6) f ulda(u) = o(1/log 1), I— o,
t
If the S, transform converges, it is equal to (5.4) by the previous theorem;

conditions (5.5) and (5.6) are satisfied, by Theorem 3.1.
To establish the converse, we take any fixed £ >0 and consider separately

5.7 f” dt f’ da(u)
(.) 0+ x4+ ¢ o+t+'u,
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© gt ® do(u)
(5.8) f f aw) |
o+ x+tJ, t+u
For each of these integrals, we must show that the order of integration can

be changed. We need to do this only for (5.8). For, in (5.7) let us set ¢=s"1,
u=v"1, x=y"1. Then (5.7) becomes

® ds * vda(v?)
5.9 - )
(5-9) yfo+ y+sj‘, s+

which has the same form as (5.8), if we write

86 = — 3 [ edaln,  B0) = 0;
v
also
[ wriap) = yate) = ot1/10g 9, to>
13
if (5.5) is satisfied. Thus if we may-change the order of integration in (5.8)

when (5.6) is satisfied, then we may change the order in (5.9) if (5.5) is satis-
fied, and hence in (5.7).

We consider
B dt ® d
I(R) = f f a(u),
o x+tJ: t+u

which by hypothesis approaches a limit as R— «. The integral
* da(u)
f z L+ u
converges uniformly for 0 =< R, as one sees by applying Theorem 4.1, after
setting # =94z, t=s—x. Therefore

I(R) =f:da(u)j;R -(x-l-tf:—u+t)
_ f:«{log x I R + log_u_}da(u) )

%+ R x)u—=x

We wish to show that
B ]
J(R) = f log (u/x) do(w)
z U —

x

has the same limit when R— » as I(R). We consider, for R > 2x, the difference
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I(R) — J(R) = log = ’: Rf

R U—X

22 B\ x4+ R da(u)
1
+(fz + 2z) Ogu+R‘u—x

* da(u) _ fwlogu + R da(u)
R

u u—x

=h+I,4+ I3+ I,

We note that the integral I, converges by (5.6) combined with Lemma
2.3. Using Lemma 2.2 and applying (5.6), we obtain

® u da(u)
| I:| = O(log R) U
R U—X u
R’ do(u)
= O(log R) u.b. f
R— x rzr |Jr %
= o(1), R— w,

It is a simple consequence of (5.6) that
“ d
(5.10) B(2) Ef dal) _ o(1/log ?), t— o,
t U— X

Therefore, since log [(#+R)/u] is positive decreasing, (#>R), we have

R’d
| I| < log 2 u.b.f @ | _ oy, R w.
R'2ZR R U—2x
Also,
R x4+ R
L=| 1 d
f . Ogu+R B(u)

x4+ R x4+ R B B(u)
= B(R) log ——— — p(25) log + fz du

2x 4+ R : ¥+ R
=0(1)’ R— o,
by use of (5.10).
Finally,
2z log (x + R) — log (¥ + R
= | [ ot R Lo )""‘(“)l
z x— u
2z

§x+R~l; | da(u) | = 0(1), R— ».

To complete our discussion of the relations between the S; transform and
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the iterated Stieltjes transform, we need to establish the following theorem:

THEOREM 5.4. There exists a function a(t) of bounded variation on (0, ),
such that

© dt ® da(u)
s )
o+ *+tJoyp t+u
converges, and
“ 1 t
(5.12) f Log &/ aey
o+ x—1
diverges.

Let {u.}, {ul}, (n=1, 2,--.), be sequences of points such that
0 <#%441<u,<u,. <1, and such that the series
hd 1 = log u) — log u,

a1 log #, ’ nml log %,

converge (for example, u,=2-"', &,/ =2-»"+»). Then the function

— (log u.)71, Un <u<u,
a(u) = { — (2 log u,)71, u=u,, u=u,
0, elsewhere,

has the desired properties.
The total variation of a(x) on (0, ») is

2 =2
< o,
n=1 log u,
Moreover,
1 a(u 2 =1 ' du 2 log u, — log u,
f ()du=Z f o _ g Un g Un <
o+ U a1 logu,J., u nml log %,

Also, a(#) 20; a(0) =a(0+) =a(1) =0; a(u) —a(0+) =o(—1/log ), (4—0),
since a(%,) =(—2 log #%.)~! (but a(x) =0(—1/log u), (4—0)), and

f; -o—[E—:‘—)-du=foia(u)duL” (u.ft)’
AR R

-l
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(the change of order of integration is legitimate because the integrand is non-
negative). Hence, by use of Lemmas 2.3 and 2.4, (5.11) converges. But (5.12)
must diverge, since (3.1) is not satisfied.

CHAPTER II. INVERSION OF THE TRANSFORMS

- 6. The inversion operator. In the remainder of this paper, unless the con-
trary is specified, all quantities are to be real, and the domain of all functions
is (0, =).

DEFINITION 6.1.* For a function f(x) of class C**1, an operator Ly .[f(x)]
is defined by
(6.1) Lk-'[f(x)] = cx(— x)k_llxkf(x)](zk—l)7 k=1,2,.--,
_ 1
T RGRE-2)
DEFINITION 6.2. For a function f(x) of class C**=2, an operator H, .[f(x)]
is defined by

6.2) a=1, ¢ E=2,3---.

(6.3) Hk.z[f(x)] = Lk.z{Lkm[f(x)] } .
THEOREM 6.1. If f(x) is an iterated Stieltjes transform
_ © dt * da(u)
©.4) f(x)—fw x+tfo+t+u,
then
(65) Hk.z[f(x)] =f Fk(u; x)da(“): k=23,.--,
04
where
«© t2k—ldt
(6.6) Filw, z) = di=? "kfo (% + " u + )
6.7) dir = 2k — Ddcy.
We have

A " da(w)
R =T R

by Theorem 4.1, f(x) and ¢(¢) are of class C*; their derivatives may be evalu-

ated by Leibniz’ rule; and, for n=0, 1,2, - - -,
(@) = o(t—Y), t—0,
6.8 o™ (f) = ot~ _
e™M(@) = o(t™™), t— .

* D. V. Widder, op. cit.
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Now for k=2

1 J = 1 % 8%/ x* y
’I;[x f(x) =l 5;(904_‘ #(0)dt

RAO)
o (% + &)*+

If we integrate by parts k times, we find, by (6.8), that the integrated terms

all vanish, so that
© [trp()]®
@1 = [ GOl
[}

x4+t
Thus
a1 [gkf(x) | 2D = (= 1)*1(k — 1)!fo” %ﬁl
L . Jr1 tk-1
= (= 1* fo [ ()¢ )atk—l(ﬂ_t')dt'

We integrate by parts £—1 times; the integrated terms all vanish, and we ob-
tain

“ Li[o(®]
6.9) Li.lf(®)] = f S,
. 0]
g(x) =f°+ _x+t’
then pive)
© 13
= k-1 - .
Lk,,[g(x)] dix o (& O
Applying this formula twice to (6.9), we obtain
® tkLi. [o(t) |dt
= k— —_—
10 Bul@)] = dx lfo (x + 8)2*
(6.10) = pelgr e wkda(u)
. dk2 xk—lf f .
o (x4 0)2Joyp (u+ £)2F

We now wish to change the order of integration in (6.10). Writing

k

I
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we see, by use of (4.3) and (4.4), that

f [a(w) — (0 +)] A, i

exists, and that

L] a 0
o) = a0 +)] = AGw, 3 = [ 4, Dalats) = a0 +)]
o+ % o+
_ f“’ urdo(u) -
o+ (8 + u)?*
Now consider the integral

© © $2k-144 ©
s [ wiate) [ = [ P wdle — a0 ),

k2. For we anticipate the inequalities of Lemma 7.3; combined with (4.3)
and (4.4), they show that the last integral exists and is equal to

(6.11)

i F)
- f [a(#) — (0 +)] — Fi(u, x)du
o+ ou

B . w _ ~ © 12510t — u)dt
= — kd@x* fo+ [a(“) a(0 +)]“k ‘duj; (% + £)2*(u + t)2k+1'

The repeated integral is easily seen (compare (7.5), (7.6)) to be dominated by
k f | () — «(0 +) | w—'Fi(u, x)du,
0

which (because of (4.3), (4.4), and Lemma 7.3) converges (k=2); hence the
order of integration in the repeated integral can be changed, so that

S rt et = = azams [T [ o) — 040 A

Referring to (6.11), we obtain (6.5).
COROLLARY 6.1.1. For k=2,

log (x/¢
Hk,z['i(/—)—] = Fi(t, x).
x—1
We may write
0, 0= u<it,
da(u), o(u) =41/2, u=_t,

log (x/t) _ f‘” log (x/w)
° 1, u>t.

x—1 + X — U
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Then by Theorem 5.2
log (x/8) f” du f" da(v)
0+

x— ¢ x4+ u o+t+v’

by Theorem 6.1

Hk,z[M] = f“Fk('u, x)da(u) = Fi(t, %), k=2,
x—1 o4
7. Properties of the function F(%, x). We have the following lemma:
Lemma 7.1, If m=1,2,- - ;0=2,3, - - ; n>m, then
® unldy  (m— 1){(n —m — 1)!
f., C+ur - 1!

This is the familiar formula for the beta function.
LemMMA 7.2. If k=2,3,- - -, then

f Fi(u, x)du = 1,
. .

x fo mu—le(u, x)du = fo ”F,,(u, x)dx = (/_k_;_{)’

These formulas are obtained by applying Lemma 7.1 twice to each of the
repeated integrals in question, after changing the order of integration.

LeMma 7.3. Ifk=2,3, - - - and x>0 s fived, then

(7.1) Fi(u, x) = O(u—*+1), U— o,
(7.2) Fi(u, x) = O(u*1), u—0,
i) .
(7.3) — Fi(u, x) = O(u¥), u— o,
ou
i)
(7.4) — Fi(u, x) = O(u*?), u—0,
ou
Since u/(u+18) <1, 1/(u+t) <t and ¢/ (u+1t) <1, (>0, t>0), we have
o 125244
u"—le(u, x) é d;?x"“ . m)

which gives (7.1). We have also the following relation from which (7.2) fol-
lows:

® dt © dt
Filu, ©) < dg x*1 kf ———-——éd’x"“u"‘lf —_— .
W n) S W) et oy S o (& + 0%
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Since

9 © pk-i(s — y)dt
(7.5) 'a—' Fk(u, x) = kd@uk1xk-1
U

0 (x + t)2k(u _|_ t)2k+l !

and since for % >0 and ¢>0 the inequality |¢—u|/(#+) <1 holds, it follows
that

Ié] k
7.6) ‘—Fk(u, 2 | = = Fatw, 2);
ou u

hence (7.3) and (7.4) follow from (7.6) combined with (7.1) and (7.2).

LeMMA 7.4. Fi(u, x), as a function of u, increases for u <x and decreases for
u>x.

It is sufficient to establish this for x=1, since Fi(%, x) is homogeneous of
degree —1, so that

Fr(u, x) = a7 Fp(x'u, 1).

We have, from (7.5),
1 9 © t2kdt ® 125143
—Fy(%, 1) = u*1 - u"f -
kd2 ou o (1 + £)2k(u + £)2k+t o (1+ £)2k(u + £)2%+1
= I1 b Iz.

If we make the change of variable {=#/s, and replace s by ¢ in the result,
we find that :

®© t2k—1d¢ ’

I, = uk-1 )
o (14 §)2%+1(u + £)2*
L f2h—1 1
Il—Ig=uk_l [ - * ]dt
o A+ w4021+t u+t

© 12*dt
= (1 - u)u"—l f )
0 (1 + t)2k+l(u + t)2k+1
which has the sign of (1 —u).
8. Some preliminary limits. We establish the following lemma:
LeEmMA 8.1. If 0<y <1, then

v utldu
8.1 lim kd — =0
8.1) e 5y u+ 12
If 0<y<1, then the function #(#+1)~2, which has a single maximum
(at w=1), increases on (0, ), and
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v ukbldy yk1 v du
0 =< kde f —— < kdp f H
o D™ T o) @

the last expression approaches zero (k— «), since it is the general term of a
convergent infinite series. In fact, the test ratio for the series is

202k +1)
E—1 (y+1)
which approaches a limit less than unity (k— ).
LEmmA 8.2. Let

H;,(y) = L”Fk(l, x)dx

(8.2)

v ®© tzb—ldt

= d;?f x"‘ldxf — -

0 o (x+ 01 + )
Then
(8.3) lim kH:(y) = 0, 0<y<1,

E—o0

(8.4) blimk[I—Hk(y)] =0, y>1,
(8.5) Pm H,(1) = %.

We consider first 0<y<1. In (8.2) ‘change the order of integration and
make the change of variable £ =u¢. Then

© vlt (ut)*1du
(8.6) di*Hi(y) = fo d‘j; (4 + 1)2%(t + 1)2*

e ([ L -L. L) et

since the integrand is nonnegative, and the domain of integration in (8.7)
includes that in (8.6). Thus

d—2H()<{ Tt f” $ids }
FERYEA e 0 T e+ D

{ kg + f” tk-1dt }
o (¢4 1)%* A (@ + 1)%

Wi pk=1gy © ukldy
of
0 ¢+ 1)y (w4 1)% ’
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and
v yk-1gs

H <2 f e
k(y) k , (t n 1)“ ’
since by Lemma 7.1 it is seen that
© ukldu k—1
dkf = < 1.
o (1%

Then by Lemma 8.1, lim;..kH(y) =0, (0<y<1).
Now consider y>1. We have by Lemma 7.2

® E— 1\?
[ n o= (22,
0 k
g1

(? " Hy(y) = f’ an(1, ¥)ds = fo & (1, ) da.

But
(8.8) Fi(1, ) = a7 'Fi(a!, 1) = a7?Fi(1, 57Y),
and (8.4) thus follows by what has already been established.

Finally consider Hi(1). Using (8.8), we obtain
1

H:(1) = f Fi(1, x)dx = f

0 1

L]

272F (1, a7 )dx = f Fi(1, x)dx;
1

° 'k — 1\?
2H},(1)=f Fk(l, x)dx=(T> —1, k— o,
0
LemuMA 8.3. If us=x, then
(8.9) lim Fi(u, x) = 0.
k—o0

It is sufficient to consider Fi(x, 1), because Fi(%, x) =a~'Fi(u/x, 1). Since
F(0, 1) =0, we have by (7.6)

v 9 y
0= Fi(y, 1) = f — Fi(u, 1)du < kf w1F(u, 1)du.
0o Ou 0
That is,
v
0 = Fi(y,1) = kf Fi(1, w)du = kHi(y) = o(1), k— o,
0

if 0<y<1, by Lemma 8.2. Since

Fi(z, ) = xu~'Fi(u, x) = w'Fi(xut, 1),
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we have Fi(y~%, 1) =F.i(y, 1); and (8.9) for »/x <1 implies (8.9) for u/x>1.
It is interesting to compare Lemma 8.3 with the following lemma:

Lemma 8.4. If x>0, then

1 7/ k\12
P, x)~;<;) ’ k— o,
For,
Fu(z, x) = dd a2+ LT g ( Y ) ’
o (x4 04 % 4k — 1!

and an application of Stirling’s formula gives the result.
9. A singular integral. We prove the following lemma:

LemMA 9.1. If uB(u) is bounded and integrable on 0 <u=<x for some in-
teger m 20, then for 0 <6 <x

z—8 F:]
Ig=f B(u) — Fi(u, x)du— 0, k— oo,
0 ou

That the integrand is integrable for sufficiently large % follows from
Lemma 7.3. By (7.6)

z—$
| I;,I =< kf u—1| ﬂ(u)lF,,(u, x)du.
0

Set % =xv, and assume | #™B(u)| <B, (0<u=<x). For k>m+1, we have

1-z" 15
|| < & f v1| B(xv) | Fa(ox, x)do
0

1—-2z"%
= kx™! f v‘ll B(xv) | Fi(v, 1)dv
v

IA

1-z"1
x~"1Bk f v~ 1F (v, 1)dv
0

1-z71 o 12144
x‘"‘“Bkd,?f pk—m—1ldy f
0 o (14 (@ + )

1-z718 ® {2k—2m—14s
x~ ™ 1Bkd2 f pk—m—1dy
0 o (14 f)2t-2m(g 4 g)2k=2m
= " 1Bkd2dr mHim(l — %715)
= o(1), k> o,

by Lemma 8.2, since di/di—m=0(1), (k— ).

I\
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LEMMA 9.2. If B(u) is bounded and integrable on (x, R) for every R>x>0,
and if B(u) =0(u™), (u— ), for some integer m 20, then for every §>0,

® a
Ji = B(u) — Fi(u, x)du— 0, k— o,
2+8 ou

We proceed as in Lemma 9.1. Assume |B(#)u—™| <B for u=x. For
k>m+1, we then have

|7:] = kf w| B(w) | Fe(n, )du
48

L

< kBx™! f ™ 1F (v, 1)dv
14213

® © 12k—14¢
- kam-ldktf vk+m—ldvf

14213 Jo (14 )2t + v)2*

© «® t2(c—2m—ldt
< kBxm 142 f pr—m—ldy

s o (1 + £)2k-2m(z 4 p)2h—2m

kB —m— 1\?
= ka"“‘W,,’d;’.,,.{(—————) — Hi_m(1 + x‘lé)}
k—m

= o(1), k— o,

THEOREM 9.3. If ¢(u) is integrable on every (¢, R), (0 <e<R< »), and if
there exist.integers m 20, n =0, such that

_ * _ o(w"), u—0,
©0.1) ORN RCUER SO
then for k sufficiently large, the integral
©0.2) Gu(x) = [ Futw, p(uyin

0+
exists, and
(9.3) lim Gx(x) = ¢(x)
| 2l

for every x>0 for which either
]
©.4) [ 16 — 6(a) du = o4 = 2]), t—>z,

or ¢(x+) and ¢(x—) exist with
(9.5) #(z) = }lo(x +) + ¢(x —)].
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We note that (9.4) is satisfied for almost all x, and, in particular, wherever

¢(x) is continuous.*
We show first that (9.2) exists. For R>1,

R R
fl Fa(w, )¢(u)du = f Falu, 2)dy ()

R a
= Fu(®, 91v(®) — [ 20)— Futw, 2)du.
1 ou
By Lemma 7.3 and (9.1), if £ =742, this expression is
R
O(R~™1)O(R*) — f O(u™)O(u""?)du,
1
which approaches a limit as R— «. A similar argument shows that

1
f Fk(u‘; x)¢(u)du) k g m + 2’
0+

converges.
Since by Lemma 7.2 [5 Fi(u, x)du=1, (k=2), we have

0.0 Dilw) =Ga(x) — (@) = [ [o) = #(2)Futw, a)dw.
0+
Let x be a point where (9.4) is satisfied, and set

8, 2) = [ (660 = o(x))aw.
Then :

Du(a) = fHF"(’" )duB(u, 7) = — f B(u, %) %‘Fk(u, 2)du,

the integrated terms vanishing (for k sufficiently large) by (9.1) and Lemma
7.3. Assuming (9.4), we find that 8(, x) =o(|u—x|), (4—x); we can there-
fore choose 8, (0 <d<x), so that, ¢ >0 being given,

9.7 | B(u, %) | < €] x — u], |x—u|§8;
then
z—8 z+8 % 9
— Di(x) = ( f + + f B(u, x) — Fi(u, x)du
0 z—3 z+8 u
=1+ 1,4+ Is.

* See, for example, E. C. Titchmarsh, The Theory of Functions, 1932, p. 364.
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By using (9.1), we see that B(«, x), as a function of u, satisfies the hypotheses
of Lemmas 9.1 and 9.2, and hence that

lim (I 1+ I a) =0.
k—®
Since, by Lemma 7.4, Fi(u, x) increases for » <x and decreases for >z,
z z+8
| I.| = f | B(x, %) | duFx(u, x) — f | B(x, %) | duFi(n, 2);
28 z

and if we use (9.7),

| Izl Se f ’ (x — u)d Fi(u, x) — ¢ f Hs(u — %)d Fi(u, x)
z—8 z

o+s
= — dFi(x — 6, x) — dFi(x 4+ 6, ) + ¢ Fi(u, x)du

z—38
< ef Fi(u, x)du = ¢,
0

since F(u, x) 20. Therefore

lim sup | Du(x) | < ¢
-

and since ¢ was arbitrary,
lim Gi(x) = ¢(x).
k—o0

Now suppose that (9.5) is satisfied. Set
#(x —), u <z,
0(u) = { ¢(x), %=z,
¢(x +)7 u>x,

w(u) = ¢(u) — 0(x);

then w(w) is continuous at # =z, and w(x) =0. Hence
Gi(x) = f Fi(u, x)w(u)du + f Fi(u, x)0(u)du;
o+ 0

o(u) satisfies the hypotheses of the theorem and satisfies (9.4) at »=x. By
what has already been established,

©

lim Fi(u, x)w(w)du = w(x) = 0.
0+

! =]
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On the other hand,

[ Fatw, 90 = o =) [ Fatw, 9w+ 06x +) [P, )i
= x¢(x —) f 1F,,(ua::, x)du + z¢(x +) f Fi(uzx, x)du

= 6(x =) fo P, 1)du + 6 +) f Fa(w, 1)du;

and
09 [ " Fulw, 90)dn = d(x +) + [6(x =) — o(x +)] ) Fuly, dn.
1] 0

But . .
f Fu(u, 1)du = f WFa(1, w)du
0 [1]

= H;(1) — fol (1 — w)Fi(1, wdu;

and for0<e<1,
1

fl(l — wF;(1, u)du = fl-‘(l — wF(1, v)du + (1 — w)Fi(1, w)du
0 Jo

1—¢

1—e

= Fi(1, w)du + ef Fi(1, w)du
0

n+ (5.

By use of Lemma 8.2, we see that

1
lim sup f (1 — w)Fi(1, wdu =< e,
= [

and hence that

k— o

Thus (9.8) gives

1
lim | Fi(s, 1)du = lim H,(1) = 1/2.
[} o

lim f Faw, 2)6Gu)du = 3[o(x +) + o(z )],

and the proof of Theorem 9.3 is complete.
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COROLLARY 9.3.1. The kypothesis (9.1) may be replaced by the requirement

that the integrals
1 ©
f u™p(u)du, f u—rp(u)du

o 1

exist, for some integers m,n =0.
We have only to verify (9.1). For #>1, set

V) = f ).
Then

() = f “e(it = f “imag(0)

= Y(u)ur — nf ut"“‘nl/(t)dt = O(u"), %u— o,

1

A similar argument applies when %—0.
10. Inversion formulas. We consider first the integral

@ o )
(10.1) () =fo+ ). ";(:_):,

where ¢(u) is integrable on every (¢, R), (0 <e<R< ).
TrHEOREM 10.1. If f(x) kas the form (10.1), then

(10.2) $(x) = lim Hy,:[f(x)]

for almost all x>0.
Because of Theorem 5.2, this inversion formula serves also for S, trans-

forms of the form
® log( /)
= d
f(®) f —— ¢(t)ds.

By (4.3) the integral

f ¢(t)dt’ u > 0’
0+
exists; by (4.4)

fuqs(t)dt = o(u), U— o,
0+
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Hence ¢(t) satisfies the hypotheses of Corollary 9.3.1, and

lim | Fi(x, x)¢(u)du = ¢(x)
| Sl o+
for almost all . But by Theorem 6.1

H:.[f(x)] = f:F;,(u, x)p(uw)du, k2.

The same reasoning leads to the following corollary:

CoroLLARY 10.1.1. If f(x) has the form (10.1), then (10.2) is true whenever
¢(x) = [p(x+)+o(x—)]/2.
THEOREM 10.2. If f(x) is an iterated Stieltjes transform of the form

©  dt * do(u)
(10.3) 1) =fo+ x+:f.,+ t+u

with a(t) a normalized function, of bounded variation on every (e, R),
(0<e<R< ), then

(10.4) a(x) — a0 +) = lim f zH,,,g[f(x)]dt, x> 0.
k—o0 0+

Because of Theorem 5.2, this inversion formula serves also for the S.

transform
_ “ log (x/¢)
re = [ 2 au.

We begin by showing that the integral in (10.4) is defined. We write
B(%) =a(u) —a(0+), (#20), and consider, for y>e>0 and k=2, the integral

f”Hh,,[f(x)]dx = fydxf”Fk(u, x)dB(u)
(10.5) ‘ ‘ o

v 0
= — f dx f Bw)Fi(u, x)du;
] 0
the integrated terms in the integration by parts vanish because of (4.3), (4.4),

and Lemma 7.3. We may change the order of integration in equation (10.5)
and obtain

(10.6) va,,,,[f(x)]dx = — fo ﬂ(u)dufﬂ %‘Fk(u, x)dx
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if

(10.7) f “dx fo X

is finite. By (4.3), (4.4), there is a constant 4 such that
| )| = 4@ + 1), 0= u< o;

]

B(u) auF,,(u, %) | du

then, by use of (7.6) and Lemma 7.2,

IS

®u+41
du = kA f Fi(u, x)du
0 %

e 25}

Hence the integral (10,7) is finite, and (10.6) is true. But xF:(%, x) is homo-
geneous of order zero, so that by Euler’s theorem
1 9

a
_Fk(u; x) == [ka(u’ x)]’
ou u 0x

a3
B(w) o Fi(u, x)

and (10.6) becomes
0.8 [ Bl = [ a3 - i, 9las.
Write .

I = f w8(W)Fs(u, )du.

For k=3, at least, I(e) is defined; we shall show that lim,.o I(¢) =0. We can
find, given >0, constants 7 and 4 >0 such that
| 8(w) | < 19, 0<ux<n,
I B(u) | < Au,

13
v
3

Then

® * 8 [k —1\?
I(e) = %ﬁfo u='Fi(u, )du + Aefo Fiu(u, &du = - _k_) + Ae.

For €<3/(24), we have |I(¢)| <3; and § was arbitrary. Hence we may let
¢—0 in (10.8) and obtain

[ @iz =5 [ g naw,  3>0,kz3.
0+ 0
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The function #%—'8(%) satisfies the hypotheses of Theorem 9.3, and satisfies
(9.5) for every positive %. Therefore

lim Hk Af(®)]dz = B(y) = a(y) — a(0 +), y > 0.

k=

11. The saltus operator. We make the following definition:
DEeFINITION 11.1. An operator hs..[f(x)] is defined by

by [f(2)] = %(8x/k)V2Hy, [ f(x)].
THEOREM 11.1. Under the hypotheses of Theorem 10.2,
(11.1) lim ks, .[f(%)] = a(x +) — a(x =), x> 0.
t—oo

We consider first the point  =1. Introduce the functions

a(l =), u<li,
Y(u) = { a(1), u=1,
a(l +)’ uw>1,

w(w) = a(u) — Y(u);

w(u) is continuous at #=1, w(1) =0. Clearly
Hi,[f(x)] = f Fi(u, 1)dw(u) + f Fi(u, 1)dy(u).
o+ 0
Now

fo Fa(s, Dip(u) = [a(l +) — a(t —)]F(1, 1)

(11.2) o
~le—aol(s) ko,

by Lemma 8.4. For k=3,

® l—w l+q
0+ 0 l—y 149

where 7, (0<% <1), is chosen so that |w(#)| <e/2 on (1—17, 1+%), €>0 being

arbitrary. Now w(%) satisfies the hypotheses of Lemmas 9.1, 9.2, so that we

obtain

lim (I1 4+ Is) = 0.

k—o
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By Lemma 7.4, Fi(u, 1) increases on (1 —7, 1) and decreases on (1, 1+19),
so that

1 1+9
11| s f | w() | dFa(a, 1) — f | w(u) | dFs(x, 1)

l—y 1
€ E\1/2
§7[2Fk(1, 1) =Fu(1 —n,1) —Fi(1 419, 1)]"’6(;) y k> o,

by Lemmas 8.3 and 8.4. Thus

87 1/2
lim sup (—)
| 2l k

and e was arbitrary. Using also (11.2), we obtain (11.1) for x=1.
To establish (11.1) for x=x,71, we set x=x¢y, =25, =2 in (10.3); a
simple computation gives

0

Fi(u, 1)dw(u) | < ¢,
o+

® d. ® 4
g(y) = xof(x0y) = f > f (o) ) B(v) = a(x.w).

o+ Y+ sJor s+
By what has already been proved,

k 1/2
Hialg(y)] ~ (g;) [a(xo +) — a(x —)], E—o o,
But . .
Hi,lg(9)] = f Fi(u, da(xm) = f Fi(x5'u, 1)da(u)
o+ o+

= xof Fk(u, xo)da(u) = onk.so[f(x)]’
04+

Hence (11.1) is established in general.
CHAPTER III. REPRESENTATION OF FUNCTIONS BY ITERATED
STIELTJES TRANSFORMS

12. Theorems on linear differential operators. We consider operators of
the form

(12.1) Lf(x)] = Z:p,._.-(x)f“’(x),

where p,—i(x) =B,_x¢; the B; are constants, and B,#0. We shall call an
operator of the form (12.1) an Euler operator* of order n. In this section we

* Because L[f(x)]=g(x) is an “Euler differential equation.” E. L. Ince, Ordinary Differential
Equations, 1927, p. 141.
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collect the properties of Euler operators which we shall need later.

THEOREM 12.1. T f L[f(x)] is an Euler operator of order n, there exists an
operator L[f(x)], of order n, called the adjoint of L(f(x) ], such that for any func-
tions f(x) and g(x) of class C»,

(12.2) (HLE)] - fEEE)] =+ P, )],
where

129 Pla), 6] = BT (- 00000 [pa(ade(a)
(12.9) - £ T duomgoz,

where the A;; are constants. Moreover,

(12.5) Llf(x)] = 4‘*;(— 1) [pue(®)f(2) ]
(12.6) = iAJ(‘)(x)x‘, A4, #0,

where the A ; are constants; in particular, L[f(x)] is an Euler operator.

The formulas (12.3) and (12.5) are the standard expressions.* To reduce
them to (12.4) and (12.6), respectively, one carries out the indicated differen-
tiations and collects terms. The details are left to the reader.

THEOREM 12.2. If L[f(x)] is an Euler operator of order n, if f(x) and g(x)
are of class C*, and if

(12.7) fP(x)gU(x)xPtetl — 0, 0sp=sn—10=5¢g=n-—1,
as x—0 and as x— o, then

[ e@rli@ls = [ oIl
0+ 0+

if either integral converges.
Because of (12.2),

0<e<R<L ™,

14
’
e

R R
[ s@ri@las - [ s@Zlles = Plsa), g()]

* See, for example, E. L. Ince, op. cit., pp. 123-124.
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By (12.4) and (12.7),
P[f(x), g(#)] = o(1), x—0,x— o,

THEOREM 12.3. If L[f(x)] is an Euler operator of order n, a fundamental
set of solutions of the differential equation L[f(x)]=0 is

(12.8) x%, 2% log %, - - -, x*(log x)%1, i=1,2,---,7,

where the a; are complex constants, the b; are positive integers, and D 3_,bi=n.
Conversely, any set of functions of this form determines (except for a constant
multiple) an Euler operator of order n, for which the functions form a funda-
mental set of solutions.

This is essentially a restatement of known results.* We have
(12.9) L[f(x)] = X Bp_ixif(x).
S==0

If we set x=e¢*, it is easily verified that

i—1

210 = [ Z@ -]t

=0
where D denotes d/dz, so that

n i—1 n
LU@) = 3 Bus| B0 = |19 = T B = M)
=0 =0 $m0
The linear differential equation with constant coefficients, M [g(z)] =0, has,
as is well known, a fundamental set of solutions

et et . . . zb.‘—leau’ 1= 1’ 2, ’j,
with

where the g, are roots, of respective multiplicities b, of the algebraic equation
> t-oB./_i#i=0. Replacing z by log z, we obtain the functions (12.8).

Conversely, let the functions (12.8) be given. There is a polynomial
P(t) =3 ¢.,B._it having as roots the a; with multiplicities b;. We can write
P(¢) in the form

i—1

(12.10) P(t) = 2 Baid> (t— 7).

=0 7=0

* E. L. Ince, op. cit., pp. 141-142.
t An empty product denotes unity.
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Then the operator L [f(x)], defined by (12.9), with the constants B; of (12.10),
will have the functions (12.8) as a fundamental set of solutions, as the first
part of the proof shows. Since P(¢) is, except for a constant multiple, uniquely
defined, L[f(x)] has the same property.

TrEoREM 12.4. If L[f(x)] is an Euler operator of order n, and f(z, y) is of
class C* and homogeneous of order —1, then L.[f(x, y)1=L,[f(x, y)].

From the expressions (12.1) and (12.5) for L[f(x)] and L[f(x)], we see
that it is sufficient to establish the theorem for the special operator L [f(x)]
=x*®(x), (=1, 2, - - -), that is, to prove that

0% 9k '
(12.11) (= P (5M(x, ) = 2 f(2,3), k=1,2,---,m.
dy* dx*
For k=1, (12.11) is
of of
—y L —f=aZ,
ady %

which is Euler’s theorem for a homogeneous function of order —1.

We proceed by induction; assuming (12.11) for £—1, we establish it for %.
The function z—*Hy*f is homogeneous of order zero; applying Euler’s theo-
rem, we have

o ¥ 9 y*f

5 =1 oz zk1

* yf ar 1 o+t (gt

i ™ ol g 0]

i) 1 9+t
= xa—x[xk_l (_ l)k—lxk—l 6xk—{]
ak

= (- 1)*x5;

hence (12.11) is established for k.
THEOREM 12.5. H,.[f(x)] has as a set of fundamental solutions
(12.12) x*, x™ log x, n=—%k—%k+1---,—-10,1,---, k=2,

There are 4k —2 of these functions; they are clearly linearly independent;
it is easily verified that Ly,.[f(x)] annuls ", and transforms x" log x into a
constant multiple of x*, (n=—%, —k+1, - - - , k—2), so that H;,.[f(x)] an-
nuls all the functions (12.12).
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CorOLLARY 12.5.1. H; .[f(x)] is an Euler operator.
13. An auxiliary kernel. We make the following definition:
DEFINITION 13.1. An operator Q[f(x)] is defined by

(13.1)  Qf(®)] = =[+s*'(®)]” = =3 (2) + 4x*f"(2) + 22f'().
It is evident that Q[f(x)] is an Euler operator.
DEFINITION 13.2. A function E(x, t) is defined by

E(x,t) = Q. [M]
x—1
Lemuma 13.1. Ifx>0,t>0, then
(13.2) E(x,t) = 2x i wdu -
o (= + )%+ w)?
We have

g(x) =

log (x/%) _ f” du
x—t 0 (x+u)(t+u)’

'(%) = —fu————d“ S '-I-f"—'——-——du J
§ o (&4 0+ 1) w Jo @+ wE+ w0
b uldu
2,/ " 2f .
EZ46) L GTeoeT e
LemmMa 13.2. If x>0 is fixed and n=0,1, 2, - - - , then

an
(13.3) _at—" E(x,t) =0O(t"%log ¥, t— o,
au
(13°4) %E(x’ t) =O(t""'), t—0.
We have, from (13.2),

b uldu

o (% + w3t + w)~+ !
" ®
— B9 | < 2x(n + 1)!1:) o7

= (n+ 1)\E(x, t).

From (13.2), we see that (13.4) holds for »=0; then (13.4) for #» >0 follows
from (13.5). Also,

—%:E(x, t) = 22(— 1*(n + 1)!

udu

4%t + u)*

(13.5) ¢
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® du log (/%)
e T R
and (13.3) for # =0 follows; we obtain (13.3) for »>0 by use of (13.5).
LemumaA 13.3. For k23,
(13.6) Ho[f(#)] = Mr.{QU(]},
where My .[f(x)] is an Euler operator of order 4k —5.
Simple computation shows that, for any real #,
Qlz"] = n*(n + 1)an,
Q[x" log x] = n%(n + 1)a" log x + (302 + 2m)x".

tE(z, §) < 2%

Hence Q[f(x)], applied to the functions (12.12), gives either zero or a linear
combination of the functions (12.12) other than 1, log x, and x~! log x. By
Theorem 12.3, there is an Euler operator M, .[f(x)], of order 4% —S5, having
the functions (12.12), other than 1, log x, and x! log x, as fundamental solu-
tions. Then M;..{Q[f(x)]} annuls all the functions (12.12) and hence differs
from H,;.[f(x)] at most by a constant multiple. If this constant is suitably
determined, (13.6) follows.

14. A general representation theorem. We prove first the following theo-
rem:

THEOREM 14.1. If f(x) is of class C=, if

(14.1) f(x) = o(1), x— o,
(14.2) f(z) = o(x™Y), x—0,
and if

(14.3) szk,t[f(x)]dt < O(x), x— o,
(14.4) f 1:—4k+215r,,,,[f(x)]dt < O(x—44+7), x—0,

each of (14.3) and (14.4) holding for an infinite sequence of positive integers k,
then

(14.5) 0] = lim f;Hk.,[f(x)]E(x, nat, £>0,

and, forn=0,1,2, . .- |
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(14.6) f™(x) = o(z™), x— @,
(14.7) ™ (%) = o(x—""1), x—0.

Let k be an integer greater than unity for which (14.3) holds. Since
H,.[f(x)] is an Euler operator, we may apply a result of R. P. Boas,* in
virtue of which (14.1) and (14.3) imply (14.6) for n=1, 2, - - - , 4k—4. Since
(14.3) holds for infinitely many £, (14.6) holds for all #. Similarly, (14.4) and
(14.2) imply (14.7) for n=1, 2, - - - . Since f(x) satisfies (14.6), (14.7), the
function Q[f(x)] also satisfies (14.6), (14.7) (see (13.1)). With Lemma 13.2,
these relations imply

e 0101 2L Bls, 1) = o(t)
dtr ate ’

for t—0, t—>», p=0, ¢=0. Then by Theorem 12.2,
(14.8) f E(=, ) M. {QLf()]}at = f QL)1+ E(s, 0))as,
o+ o+

if either integral converges. But E(z, ¢) is homogeneous of order —1; by
Theorem 12.4, Definition 13.2, Lemma 13.3, and Corollary 6.1.1, we have

Hk,t[E(x: t)] = Mk.z[E(x’ t)]

NEL)

_ log (%/t)
- H,,,,[ x—¢ ]
=Fk(t, x)’ k§2.
Hence (14.8) becomes
w9 [ Beomu U@ = [ ol D,
o+ 0

where the right-hand integral converges for £= 3, by Lemma 7.3 and the in-
equalities satisfied by Q[f(¢) ]. But Q[f(#)] satisfies the conditions of Theorem
9.3 and is continuous for £>0; hence

tim [ QlOIFAG, it = Qlf(a), %> 0.
oo 0
With (14.9) this yields (14.5).

* R. P. Boas, Asymptotic relations for derivatives, Duke Mathematical Journal, vol. 3 (1937),
PP. 637646, Theorem 2, with ¢(x) =28(x) =x, and Theorem 3, with ¢(x) =x"19(x) =272,
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15. The iterated Stieltjes transform with non-decreasing determining
function. We make the following definition:
DEFINITION 15.1. A function f(x) will be said to satisfy Conditions A if and
only if
(i) f(x) is of class C* on (0, »);
(i) f(x)=0(1), (x—=); f(x) =0(x7Y), (x—0);
(iii) for an infinite sequence of positive integers k,
H:.[f(»] =0, 0<x< .

THEOREM 15.1. Conditions A are necessary and sufficient for f(x) to have
the representation

(15.1) ) _f‘” dt f‘” da(u)
’ f ¥ = o+ X+ ¢ o L+ u
with a(u) normalized and non-decreasing.

That Conditions A, (i) and A, (ii) are satisfied if f(x) has the form (15.1),
we know by Theorem 4.1; Condition A, (iii) follows from

Hk.‘[f(x)] = f”Fk(u: x)da(“)) k g 2)
0+
since F(u, x) 20.

If f(x) satisfies Conditions A, —f(x) satisfies the hypotheses of Theorem
14.1, so that

(15.2) oliw] = lim fO:Hk.c[f(x)]E(x, tdt, x> 0.

Formula (13.2) shows that E(x, f) is a positive decreasing function of ¢,
(0<t< ); and E(x, x)=1/(6x) (by Lemma 7.1). We then have, since

H’h‘ [f(x)] go,

[ Bl va 2 [ B @B di 2 B [ i@,
0+ 04 0+

ar(x) = fo: H, . [f(x)]du < 6% fo+ Hy.[f(x)]E(x, t)dt.

We define ax(0) =0. If we refer to the proof of Theorem 14.1, we then have, by
relation (14.9),

(15.3) ar(x) < 6% f ”Q[f(t)]Fk(¢, x)dt, x> 0.
[]
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But by (14.6), (14.7), there is a constant 4 such that
oli] = 41 + 1), 0<t< o

hence, using (15.3) and Lemma 7.2, we have

L]

ap(x) < 6Axf (1 4+ £YF (¢, x)dt

k

(15.4) ap(x) < 64(x + 1), 0<z2< »,

where 4 is independent of &.

The functions ax(x) (for % is the sequence of Conditions A) are non-de-
creasing and are bounded, uniformly with respect to &, in each interval (0, »),
(m=1,2,---). By a theorem of E. Helly,* we can select a subsequence con-
verging in (0, 1), a further subsequence converging in (0, 2), and so on; by
use of the diagonal process, we then obtain a subsequence {ax (%)}, converg-
ing in (0, =) to a non-decreasing function a(x). The relation in (15.2) states
that

]

olf®)] = lim | E(x, H)des(®) = lim f E(x, f)das(s).
k= o+ k—o 0
By use of (13.4), (15.4), and the Helly-Bray theorem,t it follows easily that

o] = f E(z, da(i),

or that
[#2f'(#)]" = 2 j; nd“(‘) j;“(x + :;j(i:+ u)?
(15.5) B zf,, (j—(:)j)t‘”
Ve =t : (td:-(f)’ '

The changes of order of integration, here and for the remainder of the proof,

* E. Helly, Uber lineare Funktionaloperationen, Sitzungsberichte der Akademie der Wissen-
schaften, Vienna, vol. 121 (1921), p. 265.

t See, for example, G. C. Evans, The Logarithmic Potential. Discontinuous Dirichlet and Neumann
Problems, American Mathematical Society Colloquium Publications, vol. 6, New York, 1927, p. 15.
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are legitimate because the integrands are positive and «(¢) is non-decreasing.*
Since [#%f’(x)]’ =0(1), (x— ), we may integrate (15.5) on (%, © ), obtain-

ing
w(t)d
[/ (x)] = — Zf f o @ t;'

_ f w(t)ds
(=40

Since 2%f'(x) =0(1), (x—0), we may now integrate on (0+, x) obtaining

*’f'(x) ='—f f 2 :t_)i;z

"yt
= — 2% .
0o X + t
The convergence of this integral implies, by use of Lemma 2.3, the conver-
gence of
® da(v)
u! du = f d
f Y (u)du wf
_f”w@
B 0 t+ u
Then we have
° ¢ ® da(u))
o al [
A fo x+t~'< o t+u
_ —a(0+4) © dt f" da(u)
B x v o (x+202J, t+u’
since

e da(u)
¢@_j;t+u

has the properties ¢() =0, and ¢(£)~a(0+)/¢, (—0).f Thus

, _—a(0+)_ © dt ”da(u).
fi(=) = x? o(x+t)’fo t+u’

since f( ) =0, we may integrate on (x, ), obtaining

* The theorem which we use here is the analogue for Stieltjes integrals of the Fubini theorem
for Lebesgue integrals; see S. Saks, Theory of the Integral, Monografie Matematyczne, vol. 7, Warsaw,
1937, p. 77.

t D. V. Widder, paper cited in §3, p. 10. By the way in which «(¢) was defined, we have «(0) =0.
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a(0 +) + © dt f.” da(u) .

x o+ X+ ¢ t+u’
since f(x) =0(x~'), (x—0), and since the integral has the same property,
a(0+)=a(0) =0, and the proof is complete. If a(f) were not normalized,

normalization would not affect the representation (15.1); actually, because of
Theorem 10.2, we see that our construction yields a normalized function «(z).

THEOREM 15.2. Conditions A, and the additional condition

f(x) =

(15.6) f(x) = O(x ! log ), x— o,
are necessary and sufficient for f(x) to have the representation

@ [ da(w)
(15.7) @ = [ )

o+ -+ tJor L+ u

with a(t) normalized, non-decreasing, and bounded, on (0, «).

If f(x) has the representation in question, Conditions A are satisfied be-
cause of Theorem 15.1. To establish (15.6), we change the order of integration
in (15.7)* and write

() =( +fn>l°g S x> 1,

= fi(#) + fo(#).
Then

710 5 o= [ 10w Ga/aaty

= 22 o) - o]~ [ tog 14at)
=0(x—110gx), x— o,
fa(x) = ;—E—%flnda(t) = O(x!log %), x— o,

Conversely, if f(x) satisfies Conditions A, f(x) has the representation
(15.7), and it remains to show that (15.6) implies that a(¢) is bounded. Now
(15.6) implies that for some constant M,

xf(2)

(15.8) lim sup =M.

* See the last footnote but one.
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We may change the order of integration in (15.7), obtaining
* log (x/t)
@ = [ e
o+ x—1

since a(f) is non-decreasing and (log x—log #)/(x—?) is a positive decreasing
function of ¢, we have, for any R >0,

oz 722D aty

l R R
S °g"‘/ ) f i) = a®) = al0-+)] 5D,

- R
hence
g (x/ R =
x— R
If a(t) were unbounded, we could choose.R so large that a(R) —a(0+) >2M
and then obtain from (15.9)

(15.9) f( ) > [a(®) — a(0 +)]

e 5f(%)
lim inf
2o logx

which would contradict (15.8). Hence «(¢) is bounded.

16. A Tauberian theorem. Representation theorems for the iterated
Stieltjes transform with determining function in a class other than that of
non-decreasing functions are less easily established than the theorems of §15;
there are no available theorems on change of order of integration to carry
us, in general, from

=M,

o] = f E(z, )da(i)

© g L* da(u)
@ = [ ) :
0+ X + t 0+ t + u
We shall use, instead, certain consequences of a Tauberian theorem of Hardy
and Littlewood,* which we quote as a lemma.
LEMMA 16.1. If ¢(£) is integrable on every (¢, R), (0 <e<R < ), if
® t)dt H
(16.1) h(x)=f ¢ ) ~— x— o,

* G. H. Hardy and J. E. Littlewood, Notes on the theory of series (XI): on Tauberian theorems,
Proceedings of the London Mathematical Society, (2), vol. 30 (1930), pp. 23-37; 33.

to
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with 0 <o <p, H 0, and if, for almost all t not less than some t,,

(16.2) o(t) = — Kp—~-1, K>0;
then
* 20
. = du ~ — o,
(16.9) 20 = [ oWt~ s,

The theorem remains true when H =0 if p>o, and (16.1), (16.3) are inter-
preted as h(x) =o(x~), ®(t) =o0(tr—), respectively.

We have modified the original statement of the theorem somewhat, but
the modifications are unimportant in their effect.

We shall need also the theorem resulting from one case (p=0=1) of
Lemma 16.1 by the substitutions £=#%"!, y=x"1. For convenience, we state it
as the following lemma:

LEMMA 16.2. If the Stieltjes transform
® Y(u)du
oo yt+u
converges, if Y(u) > — M, (M >0), for almost all u, (0 <u < =), and if
lim g(y) =G, G#0,
y—o+

g(y) =

then
f wW(u)du = G.
0+

We use Lemmas 16.1, 16.2 to establish the following theorem:
THEOREM 16.3. Let (&) be integrable on every (e, R), (0<e<R< ), let

(16.4) W) = o), to ,
(16.5) v(@) = 0@, t—0,
and let
1
(16.6) lim ¢ f w Y (u)du
—0+ t

exist. Assume that f(x), of class C*, satisfies

e _ [, 2o,

forn=0,1,2, 3, and let
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= g [0 .
(16.8) hv@]—zﬁ(m+w, 0<2x< o,
Then
0@ = f ”u“n[/(u)du, t>0,
is defined, and -
ﬂﬂ=jmofﬂ 0<zx< o,

We integrate (16.8) on (x, ), (0 <x<y); application of Lemma 2.3 shows
that the integral converges uniformly on (z, y); therefore

b)) — [ = f WO (s + 571 — (3 + -2]as
" WO+ y + )it
=+ 0%y + 0

As y—o, [y*'(y)]’>0, by (16.7). By use of (16.4) it is easily shown that
we have

(16.9)

=(y — %)

LACL IS
SR N
By (16.7) and (16.8)
fcwma==df% % — o;
o (x4 9°

by (16.4), |#(¢)| <M, (¢>1), for some constant M. By Lemma 16.1, with
p=3, =1, H=0,

1) = [ wran = o), = .
Then

t uz t u
0= [ = [ v

_'t'y(t) _ x— U
“ Gt f’()(x+ Y

= o(t), t— oo,

Hence
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©  py()ds = do() = o (t)dt
e Tt e Rl e
Collecting results, we find from (16.9) that
R A0
o GO
by (16.4), for fixed x>0 and some constant M,

0] M
Gt <— t>1.

t
It follows easily from (16.8) that f(x) is analytic. The relation [x%f'(x)]’' =0
-is impossible (except in the trivial case f(x) =0, which we exclude from further
consideration) because (16.7) excludes all linear combinations (with constant
coefficients, not all zero) of the fundamental solutions 1 and x~* of [x2f'(x)]’
=0; hence [+?’(x)]’ =0 at most on a set S of isolated points. For « not in S,
we can apply Lemma 16.1, with p =¢ =2, obtaining
© W (t)dt
o (x4 1)?
This holds for x in S as well, by continuity.
We integrate this relation on (y, x), (0 <y <), and obtain
® W(hd
o (x+ )y +29)
As y—0 we have, by (16.7), y*f'(y) =0(1) and thus
= @
o (x+ 00+
also, by (16.4) and (16.5), for fixed x>0 and some constant M,

=o(l), y—>e.*

-yt =2 ()], Yy ®;

- - @)

w2f'(x) — y*f'(y) = (y — )

- — xf'(%), y—0;

W(2)
< M, .
x+¢ ¢>0
By Lemma 16.2
o _ [ O
af'(x) = o ats

for all x>0 for which f'(x) #0; since f'(x) =0 at most at a set of isolated
points, this relation holds, by continuity, for all x>0.

* We leave to the reader the proof of the simple Abelian theorem used here.
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A simple application of Lemma 2.3 shows that 6(¢) is defined; we then
have

— o) = = [ a0

o(t)
——+ f (x+t)’ b

where 4 =lim,.4 $0(¢) is defined because (16.6) exists. We now have
A R (
rew=-a - 29

x? o (x+ 9?2

Integrating on (%, ¥), (0 <x<y), we have

(11 N O
f(x)—f(y)—A(x y)+(y ) ety

* o(t)ds 1 A
fo+ (x+t)(y+t>~7[f(") ";]’ e
and
o¢) — 0<t<
x4+t ’ ’

for some constant M. By Lemma 16.1 (With p=0=1),

A 260
o= =,

for all x>0 for which f(x) —Ax~1>0, and hence (by continuity) for all x>0,
since (16.7) excludes f(x) =Ax~'. But f(x) =0(x"), (x—0); and by (4.5) we

obtain

® 0t

f ® dt = o(2™Y), x—0.
o+ X +t

Hence 4 =0, and the proof is complete.
17. Determining function of bounded variation on (0, ). We introduce
the following definition:

DEFINITION 17.1. A function f(x) is said to satisfy Conditions B if and only
if

() f(x)isof classC*on (0, ©);
(i) f(x)=0(z"), (x—0); f(x) =0(1), (x—=);

(iii) for an infinite sequence of positive integers k,
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f | Heo[f(x)]| dt < M,
(1]

where M is independent of k.

THEOREM 17.1. Conditions B are necessary and sufficient for f(x) to have the
representation

© g [ da(u)
17.1 - f f ,
(17.1) f(x) wrtide Tt
“where a(u) is a normalized function of bounded variation on (0, «).

If f(x) has the form (17.1), Conditions B, (i) and B, (ii) are satisfied, by
Theorem 4.1. As for Condition B, (iii), by Theorem 6.1

| Hiilf()]| =

f ”F;,(u, t)da(u)

< f:F,,(u, 1) | da(w)|, kZ2;

and

Lwl Huulf()]| dt < j; " fo ”F,,(u, )| da(w) |
= j;nl d“(“)'j;”Fk(u, t)dt*

I ACCIES

To establish the converse we apply Theorem 14.1. Conditions (14.1),
(14.2), and (14.3) are evidently satisfied. To establish (14.4) we write

(7.2 ax® = [ Huli(a)1as, ‘2 0;
then
f : g, [ f(x)]de = f : 42, (f)
- ) = ez + @k = 2) [ arona

= oar), 50,

* We have again used the Stieltjes analogue of the Fubini theorem. See the third footnote in §15.
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since ax(£) =0(1), ((—0); this holds for the sequence of integers % of Condition
B, (iii). Theorem 14.1 now gives

(17.3) 0lf(#)] = lim f E(z, dant),

where a,(f) is defined by (17.2), and we think of % as restricted to the sequence
of Condition B, (iii) ; Theorem 14.1 also shows that relations (14.6), (14.7) are
satisfied.

Condition B, (iii) states that the functions ax(#) have uniformly bounded
variation on (0, ). By Helly’s theorem* we can pick a subsequence {au,(#) }
converging to a function a(f) of bounded variation on (0, «). The function
E(z, t) is continuous on (0, «) and approaches zero as {— « ; it follows easily
from the Helly-Bray theoremt{ that we may take the limit under the integral
sign, over the sequence {%;},in (17.3). That is,

ol/(x)] = f E(, i)da(l)

= [ B naaty,
o+
and

f | da(®)| = M.
(]
Using the expressions (13.1), (13.2) for Q[f(x)] and E(x, #), we obtain

© ® udu
(17.4) @] = szd“(t)fo (= + 0 + 0
_ * ay(t)ds
0 (x + t)a ’
“° da(w)
7. = ’
(17.5) 20 tfo+ R

We now apply Theorem 16.3. Clearly (16.4) and (16.5) are satisfied; also
* do(u)
{) =
w0=[ T
exists because a(f) has bounded variation on (0, ), g(¢) =0(t?), (¢—0), (by
Theorem 4.1), and

* E. Helly, loc. cit.
t G. C. Evans, loc. cit.
1 For the change of order of integration, see the third footnote in §15.
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Vo) = — '@,

so that the limit (16.6) exists. Conditions (16.7) are contained in (14.6),
(14.7), which we saw above to be consequences of Conditions B, (ii) and B,
(iii), through Theorem 14.1. Then by Theorem 16.3,

f‘” a ¥
—du
ot x4+ ¢ %
d
T f ¢ ()
f“ dt f“ deu(1s)
o+ ¥ + ¢ o+ ¢ + u
(where we have used the fact that g(e)=0). By the definition of «(f),
we obtain a(0) =0; that «(f) is normalized follows from Theorem 10.2 and
(17.2), because of the way in which «(#) was defined.

18. Determining function the integral of a function of Lr, (p>1). We
make the following definition:

f(=)

DEFINITION 18.1. A function f(x) satisfies Conditions C if and only if
(i) f(x) is of class C* on (0, »);
(i) f(#) =0(1), (x—0); f(x) =0(x7"), (x—0);

(iii) for an infinite sequence of positive integers k,
[ 1@l <, p>1,
0

where M is independent of k.

THEOREM 18.1. Conditions C are necessary and sufficient for f(x) to have the
representation

© a@ [ ew)d
(18.1) 1) =fo+ st ":(:):,

with ¢(u) of class L? on (0, »), (p>1).

If f(x) has the form (18.1), Conditions C, (i) and C, (ii) are satisfied, by
Theorem 4.1. As for Conadition C, (iii),

Hy.[f()] = fo Fu(u, 2)¢(w)du;

then, by use of Holder’s inequality and the Fubini theorem,
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(%)2]:’ $(u) |2du = fo °ol ¢ () |2du fo ”Fk(u, x)dx

= d rd
j; xj; Fi(u, %) | ¢(u) |rdu

LA o)

'f Fk(u: x) | 4’(“) Ird“}dx’ 1/? + l/q =1,

2 [ ([ Fto 0, 295] 000 | ) o

L L) P
0 [1]
g)
0
= [ 1 8u2l@] o, b=2,3,
. 4
We may take M = [ | ¢(u) | *du.
To establish the converse, we apply Theorem 14.1. We need only verify
(14.3) and (14.4). To do this, we have, for the sequence of integers of Condi-

tion C, (iii) by Holder’s inequality,

{j‘lek,th(x)]dtl < xllfz(j;z[ H,,,,[f(x)]lpdt>w = o(x), z—w,

14
dx

) " Fuw, %)6(u)du

f'lrwﬂk"[f @) | < s f :I Holf(5)] Ivdt)”p

= o(x~4k+?), x—0.

Then by Theorem 14.1,

0li®)] = lim f e [f(9)EC, b)ds,

with % in the sequence in question; and (14.6), (14.7) are satisfied. By the
weak compactness of the space L»,* there is a function ¢(f) of L?, such that
for every function w(¢) of Le, (1/p+1/¢=1),

* S. Banach, Théorie des Opérations Linéaires, Warsaw, 1932, p. 130. Banach gives the theorem
in question only for a finite interval, but it is equally valid for the infinite interval.
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lim f Hea[f(®) Jo()dt = f st
k= 0 0
It follows from Lemma 13.2 that E(x, #) belongs to every L9, (¢>1); hence
eli»] = f $(D)E(x, 1)ds,
0

with ¢(#) belonging to L?(0, «). That is,
® u2du

o (x4 w3t + »)?

[/ ()] = 2 f o(t)ds

® W(t)dt
o (x+19)3 ’
" s@)dn
o (t+ w2’
the change of the order of integration is justified by Fubini’s theorem.
We now apply Theorem 16.3. By Hélder’s inequality

v =t

® 1y
|nl:(t)| =< t(f |¢(u) ]Pdu) e, 1/p+1/g=1,
[}
= Q(1+/9), t—0,t— o;

thus (16.4) and (16.5) are satisfied, and the limit (16.6) exists. Conditions
(16.7) are included in (14.6) and (14.7), which we have already established.
Moreover,
® ¢(u)du
o+ ¢ +u
is seen to exist, by another application of Hélder’s inequality; ¢(§) = —#g’(¢);
and g(«)=0. By Theorem 16.3
© dt “© ¥(u)
= — | =g
f(=) warid, w ®
f‘” dt “ ¢(u)du
o+ 2+ tJop t+u ’

’ t>0,

@) =

and the proof is complete.

19. Determining function the integral of a function of class L. Theorem
18.1 fails when p =1, since for p =1, Conditions C reduce to Conditions B.
To treat the case p=1, we introduce the following definition:
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DEFINITION 19.1. A function f(x) satisfies Conditions D if and only if
@) f(=) is of class C* on (0, «);
(ii) f(x) =0(1), (x—); f(x) =0(z1), (x—0);
(iii) for some infinite sequence of positive integers k, Hy .[f(x)] belongs to
L(0, ), and for m and n in the sequence,

lim , | Hne[/(#)] = Hacl7(x)]] a8 = 0.

Mm,n—>0

THEOREM 19.1. Conditions D are necessary and sufficient for f(x) to have
the representation

g " eu)d
(19.1) 7(2) =fM x_:_t . 4;(:_):,

with ¢(u) integrable on (0, ).

If f(x) has the form (19.1), Conditions D, (i) and D, (ii) are certainly
satisfied. To verify Condition D, (iii), we note that for k=2

(?) S | 60| du = ) | o) | du i) Futw, a
= j; th j; °»| (%) | Fi(u, t)du
= fo °°| H,[f(2)]] at,

so that H,;.,[f(x)] belongs to L(0, »), (¢=2). In addition
| Bualf()] — 60| = f Fu(w, 1) | 6(w) — $(2) | du

= [ Faw, 1] 9w = 90| du
[}
[Iab@ -solas [ af rwnlew) -0,
[] 0 0
if the iterated integral converges. It will converge if

(19.2) f:F;,(u, 1)g(u)du

converges, where

g(u) = j; | d(ut) — o(2) | dt.
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But for some constant 4
g(w) < A1 + u™);
hence (19.2) converges (k= 3). Furthermore, g(x) is continuous at #=1, and

g(1) =0.* Corresponding to an arbitrary ¢>0, we determine §, (0<5§<1), so
that

g(u) <, |u—1|<8.
Then
© 1-8 1438 ®
f | Hi lf(2)] — o) | dt < (f + + )Fk(u, 1)g(u)du
0 [] 1-3 143
=L+ I+ Is;
I, = ef F,,(u, l)du = €,
[}
1-5 1-3
IL=4 f (1 + wVYFi(u, 1)du < 24 f uFir(u, 1)du
0 [}
1-3
=24 Fi:(1, w)du
[}
= 24AH;(1 — 8) = o(1),1 k— o,
Is< A (1 4+ w)Fi(u, 1)du < 24 Fi(u, 1)du
143 143
® ® 214y
= 2Ad,?f u"duf
1+3 o (u+ )01 + )2
® © $2k—3dt
=< 2442 f u*2du
148 o (u+ O—2(1 4 f)2+—2
_ 2443 {(k - 2)2 Hoa(l + 6)}
7R \VEEV
= o(1), k— o,
It follows that

Jim f | Hrolf(@)] = o)) [ ar = o,
;= 00 o
which implies Condition D, (iii).

*D. V. Widder, 4 classification of generating functions, these Transactions, vol. 39 (1936),
p- 267.
t Hi(1—4) is the function of Lemma 8.2.
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We now establish the sufficiency of our conditions. Condition D, (iii) im-
plies* the existence of a function ¢(#), integrable on (0, «), such that

lim fo | He.o[f(x)]] dt = fo | )| at,

lim ‘Hk.u[f(x)]du =f‘¢(u)du, t>0,

) 0

where % runs through the sequence of Condition D, (iii). Consequently,

j;lHk..[f(x)]Idtéﬂ | ¢(5) | at + 1

for k greater than some ko, and % in the sequence. Thus f(x) satisfies Condi-
tions B, and by Theorem 17.1

_ ©  dt © da(u)

with (f) a normalized function, of bounded variation on (0, ©). By Theorem
10.2,

a(t) — (0 +) = lim ‘Hk,..[f(x)]du, t> 0.
)
But ’

lim ‘H;,,.,,,[f(x)]du =f‘¢(u)du,
0 0

k’.—no

where {%:} is a certain subsequence of the integers, and consequently

alt) — (0 +) = f o(u)du.

Hence f(x) has the form (19.1).
20. Determining function the integral of a bounded function. We intro-
duce the following definition:

DEFINITION 20.1. A function f(x) satisfies Conditions E if and only if
(i) f(x) is of class C* on (0, ©);
(i) f(x) =0(1), (x—); f(x) =0(x~"), (x—0);

(iii) for am infinite sequence of positive integers k,
| Bi..l/®]| = M, 0<z< ,
where M is independent of k.
* See, for example, E. C. Titchmarsh, The Theory of Functions, 1932, pp. 387 fi.
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THEOREM 20.1. Conditions E are necessary and sufficient for f(x) to have
the representation

© dt * ¢(u)du
20.1 = f ’
(20.1) f(=) wrtide T+u
with ¢(u) bounded almost everywhere.

If f(x) has the form (20.1), we have only to verify Condition E, (iii). For
k=2 we have

I Hk,z[f(x)]l =

f “F,,(u, x)p(u)du| = M f aFk(u, x)du = M,
° °

where |¢(%)| <M almost everywhere.
To show that the conditions are sufficient, we use Theorem 14.1, whose
hypotheses are evidently fulfilled. It follows that

olf)] = lim f Hya[(0) | B, D).

By the weak compactness of the space of functions bounded almost every-
where,* there exists a function ¢(#), bounded almost everywhere, such that
for every function w(#) of L(0, «)

tim [ Bl = [ s0e0n.
© 0

(]

Since E(x, ) belongs to L(0, «), we obtain

. © ° uldu _ “ w(b)dt
hy@ﬂ.-aﬂ¢@ao(x+ww+uy—2 i
L [" $du
o =+ o ¢+ w2
We now apply Theorem 16.3. Since
lvo) | = M,

the conditions of that theorem are satisfied, and

< 0@)
f(=) =fo+ x_-IT;dt’

© * ¢(u)du
0(x) =f= dtfo o

* S. Banach, loc. cit. Banach gives the theorem only for a finite interval.

(20.2)
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For y >« we have

® d
6y) — 6(x) = (x — y)fo a%

since the integral defining y(#) is evidently uniformly convergent (x<:<3y).
Hence

® ¢(u)du 0(x)
o x+uw)(y+w) y

and

(%) < M

x4+ u %
for almost all %, and for fixed x. By Lemma 16.1 (with p=0=1),

® ¢(u)du
20.3 0@¢) =

(20.3) ® . itw

for all £>0 for which 6(#) =0. Since 6(¢) =0 at most on a set of isolated points
(except in the trivial case f(x)=0), (20.3) holds by continuity for all #>0.
Substitution of this formula for 6(¢) into (20.2) completes the proof.

CHAPTER IV. THE REPRESENTATION OF FUNCTIONS BY S3 TRANSFORMS

21. Determining function non-decreasing; determining function the in-
tegral of a function of class L?, (p>1). In these two cases the S, transform
and the iterated Stieltjes transform are equivalent. The S; transform is ob-
tained from the iterated Stieltjes transform by a formal change of the order
of integration. If the determining function is non-decreasing this formal proc-
ess is legitimate; it is also legitimate if the determining function is the in-
tegral of a function of class L?, (p >1). In fact, if ¢(#) belongs to L?, (p>1),

then
< ( j; .,,| ¢(u)|"du)”p( fo ) 7 i“u))w, 1/p+ 1/ =1,
=~ 1)-"°r1“°( f., | o I'du)w,

and since ¢~V»/(x+£) is integrable on (0, »), (x>0),

f‘” dt f”lqb(u)ldu
0 x+t 0 t+u

* ¢(u)du
o t4+u

exists and dominates
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f‘” dt * ¢(u)du
o x+tJoy tt+u

We may therefore state the following theorems:

THEOREM 21.1. A necessary and sufficient condition that
® log (x/8)
1@ = [ 22 e,
o+ x—1

with a(t) normalized and non-decreasing, is that f(x) satisfy Conditions A.
THEOREM 21.2. A necessary and sufficient condition that

* 1
o = [ g

with ¢(t) belonging to L*(0, ), (p>1), is that f(x) satisfy Conditions C.

Corresponding to the representation theorems for the iterated Stieltjes
transform in the other cases, there are representation theorems for the S,
transform; in each case an auxiliary condition is imposed to make applica-
tion of Theorem 5.3 possible.

22. Alemma. We can make the following statement :

LeEMMA 22.1. Let
v
Hi(y) =f Fi(1, x)dx.*
0

Then there is a constant A such that
(22.1) y'?Hi(y) < 4, 0<y=s1/2,
uniformly with respect to k, (k=2).

We refer to the proof of Lemma 8.2 (page 23), where we find the relation’

VA g1y
H =2 f —_—
x(9) o G

Since #(¢+1)~2 increases on (0, yV/2), we have

yl/2 k—1 y/2 dt y1/2 k—1 yuz
Hi(y) = 2dx (———) f = de( ) .
or+r) Jo 4o 0+t 14y

But

2k — 1)!
TR — 2
* Hi(y) is the function of Lemma 8.2.

k
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By use of Stirling’s formula, we see that there is a positive constant B such
that

dy < BhU222k, k2.
Since 0 <y=<1/2, there is a constant A <1 such that
4yl(y1t 4 12 S .
Then
Hi(y) < 8BEVIN1y12(1 4 yln)=1 < Ay, kz2,

for a suitably chosen constant 4.
23. Determining function of bounded variation on (0, ©). We prove the
following theorem:

THEOREM 23.1. A necessary and sufficient condition that f(x) have the repre-
sentation

® log (x/t) da),
x— 1

(23.1) @ = [

0+

with a(t) a normalized function, of bounded variation on (0, »), is that f(x)
should satisfy Conditions B, and that for an infinite sequence of positive in-
tegers k,

< €(t), 0<t=<1/4,

1 3
(23.2) log " | fo+ H;u[f(x)]du

where lim,.q €(t) =0, and €(t) is independent of k.

We show first that if f(x) has the form (23.1), then (23.2) is satisfied. By
Theorem 5.2, f(x) is an iterated Stieltjes transform; hence

Bl = [ Fatw, ndate), k22,
(23.3) °

f;Hk.tU(x)]dt = f‘:_dtf:Fk(u’ t)da(u) =j;wda(“)fosz(“, §dt;

the change of the order of integration is legitimate because under our hy-
potheses, the last integral is absolutely convergent.*
The function

f Fi(u, t)dt
0

* See the third footnote in §15.
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is a decreasing function of %. For, ¢Fi(u, t) is homogeneous of order zero,

O Pt ) = — = 2 rut, 1)
— Fi(u,8) = — — — u
auk % Ot B ’

and

a z z9
-—-f Fi(u, t)dt = f — Fi(u, t)dt
oud, o Ou

= — xu"'Fi(u, x) <0, u>02>0.
We now have, from (23.3),

f;Hl:.t[f(x)]dt = (f:,’ +fz:’)da(u)j;zF;,(u, Hdt = I + Is.

Using Lemma 2.2, which applies because [yFi(u, £)dt is a positive decreasing
function of %, we obtain

| | = ( lim f Fi(u, t)dt) wb. |a(¥) — a0 +)].
w0+ Vo4 0Sysa1?

But

z 0 k _ 1 P
f Fk(u: t)dt §f F;,(u, t)dt = (_.) <1,

0 0 k

and

(23.4) || = uwb. |a@y) —a@O4+)].

0Sysz/?
Let

f:lda(u)l =M.

Since [y Fi(u, t)dt is a decreasing function of %,

zV/3

z
|I.| = M f Fu(x'2, §)dt = Mxt/2 f Fu(x'2, x1%)du, ¢ = uzll2,
[] 0

/2
= Mf F},(l, u)du = MH;,(x”’).
0

According to Lemma 22.1, then, there is a constant 4 such that
| Is| < AMat4, E22,0< 2= 1/4.
Combining this with (23.4), we have
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| I+ 1| < (%), 0<z=1/4,
where
«#) = ub. | a(y) — a(0 +) | + AMz11.

The function e(x) is independent of %, (£ =22); and e(x) =o( —1/log %), (x—90),
since by Theorem 3.1,

wb. |a(¥) — a0 +)| = o(— 1/log x1/2) = o(— 1)/log ).
0Syss?

Conversely let us suppose that f(x) satisfies the conditions of the theorem.
Conditions B imply that

A [ da(u)
(23.5) f(x) =fo+ x+tfo+ t+u’

with (%) a normalized function of bounded variation on (0, «). By Theorem
10.2,

a(u) — a(0 +) = lim quk_g[f(x)]dt. u>0.
k—ro 0+
Therefore
| a(6) = a0 +)] log (1/6) = Jimlog (1/6) | [ Hualsta) )|
k—eo o+

But by (23.2),

log (1/%)

L“H,,,,[f(x)]dtl < e(u), 0<u<=1/4,

for some sequence of integers k. Hence

(23.6) | aw) — (0 +) | log (1/4) < €(u), 0<us1/4.
Furthermore,
fo | datw) | = M,
and for £>0,
* da(u) M
(23.7) ‘j: " §7— o(1/log ?), t— o,

Conditions (23.6) and (23.7) are the conditions of Theorem 5.2; since they
are satisfied, we may change the order of integration in (23.5) to obtain the
representation (23.1) for f(x).
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The condition (23.2) appears highly artificial; one might hope to replace
it by a weaker condition which, together with Conditions A would still be
sufficient for f(x) to have the representation (23.1). This, however, does not
appear to be possible. Inequality (23.2) states that

szk,,[f(x)]dt = o(— 1/log %), x—0,
0+

where the function o( — 1/log x) is independent of k; if the uniform o(—1/log x)
is replaced by a uniform O(—1/log x) and a non-uniform o(—1/log ), then
Theorem 23.1 ceases to be true. This is verified by the following theorem:

THEOREM 23.2. There exists a normalized function o(u), of bounded varia-
tion on (0, «), such that

_ © dt * da(u)
f(x)_fH x+tfo+ t+ u

converges,
® 1 !
f og (/%) dac(t)
o+ x—1
diverges,
(23.8) log (1/x) f H,,,,[f(x)]dt| =M, kR22,0<xz=1,
0+
with M independent of k, and
(23.9) log (l/x)f Hy.[f(x)]dt = o(1), x—0,
0+
for each k=2.

The function a(x) is defined by means of the sequences {%.}, {#. }, asin
Theorem 5.4; the sequences are now further restricted by the conditions that

’ ’
Unp1r < U, Uy < 20Uy, n=1,2,..-.,

and that
L)
Z (un' - “n)u‘n_2
n=1

converges. For example, we might have
Uy = 272 u! = (1 4+ n%u,)u,.

The first two statements of the theorem were established in Theorem 5.4,
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The proof of the necessity of the conditions of Theorem 23.1 shows that
(23.8) is satisfied if
a(u) = O(— 1/log u), u—0,

(which is readily verified in this case), and that

fo:Hk.t[f(x)]dt (f(:/’-l-fz:’) da(u)fosz(u, f)dt

Il + I2)

with
Iy = O(x'%) = o(— 1/log x), x—0.
It remains only to show that for k=2,
(23.10) I, = o(— 1/log x), x—0.
Take x <#?. We have I,=Q+ R, where

@

0= 2 _lmemw—FMAMM

. n=ng+l 10g Up

and n, is determined by the condition #,, <22 <#%,,;

f

- (2 log uﬂo)_lf Fk(“ﬂo, t)dty x!? = Unos
0
- (log uﬂo)—lf F"(“no’ t)dt, Uny < xtlr < u"to’
0
R = J - (IOg “"o)-lf [F"(uno; t) - Fk(u",to’ t)]dt’ u":o <z < Uny — 1,
0

— (21log u,.o)—l{ fo sz(u,.,,, Hdt + j; ) [Fi(thng, £) — Fi(thy, t)]dt} ,

!
212 = y,,.
Now
a z x
—fFme=——hw@f
ou 0 u
hence

f [Fr(tha, &) — Fr(u!, 8)]dt = x(u,! — ) (' Y F (', 2),  ud < ul' < u,,
0

* See p. 32.
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so that

I

(23.11) Q== Z —————Fi(u)’, %).
nangtl Un log

For n2no+1, we have u,) <u,,<aV?; since 4, ,, <us, we have u, ., <zx;
and (Lemma 7.4) Fi(u, x) is an increasing function of % for 4 <, ,,, (¢ 22).
Thus, for n=n,+1,

Fir(ug’, x) < Fi(u, , %), k=2,

But
© szk—lds

F ”l’ = d2u'k thf
s ) = BT S W

®  sk2ds
o (s+u )”

=< — n=n+1,

where A, depends only on k. The function —1/log #% increases for 0<% <1;
hence for # =n0+1, one has

-1 -1 -1

< =< .
log u,  log un, log x/2

Relation (23.11) now gives

24 2. Uy — u,. < 24x% 2. wu, — u,l

0<Q= =
¢ log & pengt1 % log® pm1 %
= O(— x/log x) = o(— 1/log %), x—0.

If ., <xY?<u,, then

0<

f F ;,(u,.o, t)dt

log %,

- 2d,,2u,.° s2k—1gs
e
log x 0 (s 4+ D2(s + wa,)%*
— 2d:2uk f sk—2ds
log = 0 (s + u,,)2*
—Akx -_ 2Akx < bl 2Ak x‘/’

= )

Unlogx ~ ullogx ~ logx

lIA
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where A{ depends only on k. Therefore,
- 2A;’ x1/2 ,
O<KRE———> Ung = 22 < Uy,
log %
If, on the other hand, u,,<x'2 <w,,,, then
-1

log #a,

0< f ) [Fi(ttng, £) — Fi(ttny, §)]dt

_ x(uno - u"io)

144 n ’
i log Fi(ny, x), Ung < Uny < Un,,
o o
— Ai'x
)
log =

where 4§’ depends only on %, since

Fi(thng, %) S Ap/thng < Ar/thn,

and (#,,—%n,)%y, is the general term of a convergent series. Therefore,

—Ai'x Al x? '
O0<RE= og # - og # ’ Uny = 22 < 2py—1,

We have shown that
Q+ R = o(— 1/log %), x—0,

and the construction is complete.

24. Determining function the integral of a function of class L. The theo-
rem which we establish is little more than a corollary of Theorem 23.1.

THEOREM 24.1. A necessary and sufficient condition that f(x) should have
the representation

o o= [

with ¢(¢) of class L on (0, =), is that f(x) should satisfy Conditions D and (23.2).

The conditions are necessary, by Theorems 19.1 and 23.1, since (24.1) can
be written

flx) =

f” log (x/?) da).,
0+ x—1

(24.2) all) = f o_:¢(u)du,
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(24.3) fo+|da(t)| =f0 | p(w) | du = M < .

The conditions are sufficient. By Theorem 19.1

© dt ® ¢(u)du ® .
f(x)_fo+ perrll R fo | p(w) | du = M < o

this we may write as

1) _f” dt f‘” da(u)
v = o+ ¥ +¢ 0+ t + u,
where a(?) is defined by (24.2) and has the property (24.3); and we have
t
(24.4) at) = lim f Hiu[f(%))du, t> 0.
k—o0 0+
By Theorem 17.1
f | Hi[f(2)]| dt < M, E=23---.
0

Then f(x) satisfies the hypotheses of Theorem 23.1, and

(24.5) 0 =f log (=/1) /') 50 sse),
0+
where
B@) = lim f‘Hk,u[j(x)]du, t>0.
k—eo 0+

Comparing this with (24.4), we obtain
&
80) = a) = [ o(wan,
0

and (24.5) reduces to (24.1).
25. Determining function the integral of a bounded function. We prove
the following theorem:

THEOREM 25.1. A necessary and sufficient condition that f(x) should have
the representation

. |
(25.1) @) = fo+ %w»ﬂ,
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with ¢(t) bounded almost everywhere, is that f(x) should satisfy Conditions E,
and that for an infinite sequence of integers k,

f wt-lH,,,, [£(x)]as

where lim.., e(x) =0, and e(x) is independent of k.

To establish the necessity of the conditions, we have only to establish
(25.2), because of Theorems 20.1 and 5.2. We have

(25.2) log » < e(x), x =4,

H:.[f(x)] =f Fi(u, t)¢(w)du, k=2,
Take x>1. Then

f ;t—IHk..[f(x)]dt = f :t—ldt( fo l+ fl o)Fk(u, £)o(u)du

= I, 4+ I,.
To discuss I, set

B(u) = f l¢(t)dt.
By Theorem 3.1,
(25.3) B(u) = o(1/log ), u— »;
then, since Fi(%, t) =0(1/u), (u— =), we have
f Fi(u, t)p(u)du = — f uF (u, t)dB(u)
1

1

(25.4) -,
= BOPML, ) + [ 86— @i, D)du.
1 ou
By the homogeneity of Fi(, ),

ad- a
'é;(qu(u’ t)) = - taFk(“’ t);

therefore
(25.5) flwﬁ(u) ;';%4 (uFx(w, t))du = — tflwﬁ(u)%Fk(u, t)du.

It is easily verified that, for each %, the integral on the right is uniformly con-
vergent for £= 6 >0, and hence that we may take the symbol 8/d¢ outside the
integral sign. Using (25.5) in (25.4), then, we obtain

(25.6) I, = B(l)f (L, bde —f BW)Fi(u, ydu| =14 +1]'.
z 1 tem z
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Consider the integral

(25.7) fl Qﬁ(u)F,,(u, x)du = ( fl - + f z:’) B(4)F (%, x)du.

s wb, 800 [ Futw, ayau

< w.b. | Bw)|.
u /3

(25.8) ’ f " B(w)Fx(u, x)du

There is a constant B such that |8(#)| <B, (1<#< ). Then

2102

R
‘ f B(u)F (%, x)du| < B Fi(%, x)du
1 1

z-1/2
- Bxf Fi(vx, 2)dv, % = vx,
21
i
=B Fi(v, 1)dv
1
2
=B oF (1, v)dy

71

i
= Bf Fi(1, v)dv, x>1,
0

= BH(x"1%).
Applying Lemma 22.1, we then have

2/t

B(u)Fu(u, x)du

(25.9) < ABx14, x = 4.

Now
B(u) = o(1/log u), 4 .

Combining (25.9), (25.8), and (25.3) and referring to (25.7), (25.6), we see
that for x=4
= el(x)/log X,

(25.10) | 13" | = f °°;sc(u)F,,(u, x)du

where e(x) =0(1), (x— ), and &(x) does not depend on k.
We have still to discuss

® 1
I, = f t1dt f Fi(u, t)p(u)du
z 0
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and
I = ﬂ(l)f Fk(1, bdt.

For t>u, Fi(u, t) is an increasing function of # (Lemma 7.4); therefore for
1>1, '

j; lF,,(u, e(w)du| = MF:(1, ),
where | ¢(%)| <M almost everywhere. Hence
| 1] = Mf”t‘lF;,(l, f)dt, x> 1,
and ’
|+ 12| = (M +]8Q)]) f :rlF»(l, f)dt.
But for x>1,

) P
f HF(1, t)dt = f sTIFx(1, s~Yds, st=1,
z 0

-1

z7t z
= f Fyi(s, 1)ds = f sFi(1, s)ds
0 0

= fz— Fk(l, s)ds = H,,(x‘l).

Again by Lemma 22.1, we see that
| I + I | £ ex()/log =, x4,

where e(x) =0(1), (x—=), and is independent of k. Combining this with
(25.10), we have (25.2).

We now establish the sufficiency of our conditions. By Theorem 20.1,
Conditions E imply that

© dt ® ¢(u)du
25.11 = f
(25.11) f(=) watide Ttu
with |¢(%)| <M almost everywhere. By Theorem 10.1
(25.12) $(x) = lim Hyu[f(%)]

for almost all . Since (25.2) is satisfied, we have
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f”t‘lH;,,g[f(x)]dt‘ =< e(x)/log x, x4,

for an infinite sequence of integers %, with e(x) independent of k, and
e(x)=0(1), (k> ). Then for % in the sequence,

f Q%Hk.:mx)]dt o) | =)

=
log 1 log x,

’ x,;x1g4.

Let k— in the sequence. By (25.12) and bounded convergence,

2 @(t
f &. dtl = e(xl) + é(xz) ) =41 =4
PO log ,  log =,
Therefore .
f 1¢(8)dt
1
converges, and, if we set #;=x and let x,—, we obtain
(7 1
(25.13) f ¢¢) dt| < (=) =o( ), £ — o,
P log = log «
Moreover,
t
(25.14) If o(u)du| < Mt = o(— 1/log t), t—0.
0

Relations (25.13) and (25.14) are the conditions of Theorem 5.3; this theorem
now permits us to change the order of integration in (25.11), obtaining the
representation (25.1) for f(x).
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