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Introduction

This paper is concerned with the iterate of the Stieltjes transform

(1) f(x) =  f
J o

da(t)

x + t

which in turn is the iterate of the Laplace transform

(2) /(*) =  f  e-*da(i).
J o

It is known f that (2) can be inverted by use of the differential operator of

infinite order
(- 1)*/¿V+1

lim^—-(-)    /<*>(*/'),

an operator which annuls the functions

(3) f(x) = **, k = 0, 1, 2, • • • .

It is also known Î that (1) can be inverted by use of the linear differential

operator of infinite order

(- /)*-i
lim-■ [t«f(t)Y2k-l),
*-.-*!(*-2)1

an operator which annuls the functions (3), where now k runs through the

negative integers as welL

When the transform (1) is iterated, one is led to the transform

(4)
C      du    r

f(x) = I     -— /
./o    x + uJ o

du     r°°   da(t)

u + t

or, when it is permissible to change the order of integration, to the transform

r °° log (x/t)
(5) f(x) = ' ' da(t).

Jo x — t

* Presented to the Society, October 30, 1937; received by the editors October 1, 1937.

t D. V. Widder, The inversion of the Laplace integral and the related moment problem, these

Transactions, vol. 36 (1934), p. 107.

% See the paper of D. V. Widder cited in §3.
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2 R. P. BOAS AND D. V. WIDDER [January

To distinguish between these two cases we refer to (4) as the iterated Stieltjes

transform and to (5) as the S2 transform. We show that the existence of the

integral (5) implies the existence of the repeated integral (4), but not con-

versely.

It should be observed that the kernel

(x-t)-1log(x/t)

becomes infinite as / approaches zero. For this reason the integral (5) must

be understood to mean

r-*0, fi->«°   J t X — t

When it is desirable to emphasize that this Cauchy value of the integral is

intended, we write it as

J o+      x — t

In the first part of the present paper the inversion of the integrals (4) and

(5) is discussed. It is found that the inversion operator is again a linear differ-

ential operator which annuls the functions (3) for k = 0, ± 1, ± 2, ■ • • and in

addition the functions

f(x) = x* log x, k = 0, ± 1, ± 2,- ■ • .

For k an integer greater than unity we define an operator 77*,< [/] by the rela-

tion

77M [/(*)] = [tjTT^Ti] {*4*-1[^1/<»-1>«)]{,m>}(*).

We are then able to show that if a(t) is an integral and is of such a nature

that (4) or (5) exists, then

lim 77*,, [/(x)] = a'(t)

for almost all positive values of t. If a(t) is of bounded variation in every

finite interval and is of such a nature that (4) or (5) exists, then

\[a(t +) + a(t-)] = a(0+) + lim   f   Hk,n[f(x)]du
t—*»   •/ o_i_

for all positive values of t.

In the remaining part of the paper necessary and sufficient conditions for
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the representation of functions in the forms (4) and (5) are discussed. The

most important results are summarized in the following table.

Class of the function a(t) Condition

(A) Non-decreasing

(B) Of bounded variation on (0, » )

(C) Integral of a function of 7>, (p>i)

(D) Integral of a function of 7

(E) Integral of a bounded function

Hk,t[f]^0,(t>0)

r0\Hk,t[f]\dt^M

f\Hk,t\J]\pdt^M

\.i.m.$l„Hk,t\j] exists

\Hk,t[f]\=M,(t>0)

(6)
f(x) -o(x-i),

f(x) = 0(1),

x->0+,

X —» » .

An entry in the right-hand column of this table indicates that those con-

ditions for an infinite sequence of positive integers k plus conditions (6) are

necessary and sufficient for the representation of f(x) in the form (4) with

a(t) a function of the class described in the corresponding left-hand column.

It is found that an additional condition must be added, except in cases (A)

and (C), for representation in the form (5).

The method of proof is such that from the conditions in the right-hand

column one must be able to infer that

/<*>(x) = o(x-*-!),

/<*»(x) = o(x-"),

x^0+,

X —> 00 ,

for all non-negative integers k. This is done by use of a result of R. P. Boas*

concerning the asymptotic behavior of Euler differential forms.

The proofs of our representation theorems are necessarily complicated by

the fact, observed above, that the kernel of equation (5) is not bounded. A

bounded auxiliary kernel

r log (x/t) 1 r" rfdu
E(x,t)=Qx\ 7    =2x —

L   x — t   J JQ     (x

where
+ u)3(t + u)2

Q[f(x)] = x[x2/'(x)]",

is used. Conditions for the representation oif(x) in the form

/(*) =   I     E(x, t)da
J o

(t)

* See the reference in §14.
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are first obtained, and the transition to the form (4) is then made by use of a

Tauberian theorem.

The two inversion formulas, for S2 transforms, and the representation

theorem (C) have been previously announced by D. V. Widder.*

Chapter I. Properties of the transforms

1. The S2 transform. Let a(u) be a function, defined on (0, » ), of bounded

variation on every interval (e, R), (0 < e <R < » ), and normalized by the con-

ditions

(1.1) a(0) = 0, a(u) = %[a(u +) + a(u - )], u > 0.

For x >0 we consider the limit

/'R log (x/t)
da(t),

t X — t

where (log x—log t)/(x — t) is defined by its limiting value 1/x, for t=x.

Definition 1.1. For any points x>0for which the limit (1.2) exists, defin-

ing a function f(x), f(x) is said to be an 52 transform, convergent for such points.

We write

r * log (x/t)
(1.3) f(x) = 7 da(t).

J o+      x — t

The function a(t) is called the determining function off(x).

Theorem 1.1. If the S2 transform (1.3) converges for some x0>0, it con-

verges for every x>0 and converges uniformly in any interval a = x = A, where

0<a<A<oo.

It is necessary to show that the two integrals

log(x/i)   , M r*'2 log (x/t)
(1.4) rx^i±da(t),   ri^i±Mt)

J 2A X — t J 0+ X — t

converge uniformly, a = x ^ A.

To discuss the first integral (1.4), we set

log (xo/w)ß(t)=  P-
J B Xo — u

da(u), 0(70=0,

where B > 2A is a sufficiently large constant. By hypothesis, ß( <*> ) exists. For

a = x^A and R>B,

* D. V. Widder, The iterated Stieltjes transform, Proceedings of the National Academy of Sci-

ences, vol. 23 (1937), pp. 242-244.
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fB  log (x/t) rR    log at - log /    xo-t
I      -— da(t)=  \-■--dß(t)

J B X — t J B       log X0 — log t      X — t

log x — log R   xo — R
= ß(R) —---

log Xo — log R   x — R

xo — t dtx  rR       xo —
-log-        ß(t)-

X0J B X -

- (xo - x) I     ß(t)
J B

X0J B x — t   /(log Xo — log t)2

log x — log /        dt

' b log x0 — log / (x — t)2

= 7i — J2 — 7a.

Now let R-* <». The term Ji is ß(R) multiplied by a bounded factor which ap-

proaches unity, so that limB~«Ji=ß(<x>), uniformly for a^x^A. Since ß(t)

is bounded, it is easily seen that J2 is dominated by an integral of the form

/'

Mdt

t(C + log t)2

where M and C are constants, independent of x, and that 7s is dominated by

an integral of the form

Mdt

Î (C + t)2

Thus J2 and 78 approach limits as R—»oo, uniformly for a^x^A. To treat

the other integral (1.4), we consider

/'o/2 log (x/t)
6 da(t),

i x — t

and set x=y~l, t = u~1, and € = .R~1; the limit (1.5) becomes

'R log (y/u)/'   log (y/u) r «
-dy(u),         y(u) =1     (— v)da(v~1),

2/a       y —  U                                                       J 2/a

lira

which is a limit of the form already discussed.

We have defined the S2 transform only for a real variable x. If we regard x

as a complex variable in (1.2) and admit all determinations of the logarithmic

function, we may still call the function defined by (1.2) an S2 transform. In

this paper we shall not discuss the S2 transform in the complex domain ; but

we state here, without proof, some of its properties.
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Theorem 1.2. If an S2 transform converges for any complex xj^O, with any

determination of the logarithm, it converges for every x not on D, the positive real

axis, with any determination of the logarithm, and for x on D if the principal

value* of the logarithm is used. If, in a region S in which the S2 transform con-

verges, the determinations of log x used form an analytic function, then the 52

transform represents a function analytic in S. The analytic function obtained by

using the principal value of log x and continuing the result analytically has x = 0

as a singular point.

2. Lemmas on Stielt jes integrals. We prove the following lemma:

Lemma 2.1. Let f(x) be bounded, nonnegative, and monotonie on the (finite)

interval a = x = b. Let a(x) have bounded variation on a~x = b. Let faf(x)da(x)

exist. Then, according as f(x) is non-decreasing or non-increasing,

f(b) Lb.  [a(b) - a(x)] =  f   f(x)da(x) ^ f(b)u.h. [a(b) - «(*)],

or

f(a) Lb.   [a(x) - a(a)] =   f   f(x)da(x) ^/(a)u.b. [a(x) - a(a)].

This lemma will usually appear in the form which it assumes when

a(x) =fl(j>(t)dß(t), where ß(t) is a function of bounded variation on a = x^b,

and <p(t) is a bounded function such that a(x) is defined. If a(x) is a Lebesgue

integral, the lemma reduces to "Bonnet's theorem," f since (taking for defi-

niteness the case where/(x) is non-decreasing)

a(x) - a(a) =   J     a'(t)dt,
" a

and since the continuous function

'(t)dtm r«'(
•I a

takes on every value between its maximum and minimum, and, in particular,

the value
1 b

f(t)a'(t)dt.I'
* — iT<3i[log *]=*", where the symbol 3? denotes "imaginary part of."

t See, for example, E. W. Hobson, The Theory of Functions of a Real Variable and the Theory of

Fourier's Series, vol. 1, 1927, p. 618.
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The two cases of the lemma are equivalent, by the substitution —y = x.

We consider the case where/(x) is non-decreasing. Then

f f(x)da(x) = -  f   f(x)d[a(b) - a(x)]
J a Ja

= f(a)[a(b) - a(a)] +  f    [a(b) - a(x)]df(x)
b

á/(a)u.b. [a(b) - a(x)] +u.b. [a(b) - a(x)]  J    df(x)

= /(6)u.b.  [a(b) - a(x)].
a¿x¿b

The inequality in the other sense is established similarly.

Lemma 2.2. Let f(x) be bounded, nonnegative, and monotonie on the (finite

or infinite) interval (a, b). Let a(x) have bounded variation on (a+e, b — e)* for

every (sufficiently small) e>0. Let A and B mean, respectively, either a or a+,

b or b — . Then if a(b — ) and fA~f(x)da(x) exist, and if f(x) is non-decreasing,

then

f(b -) Lb.  [a(b -) - <x(x)] g   f    f(x)da(x) ^ f(b -) u.b. [a(b -) - «(*)];
aSxHkb Ja a^x^b

if ct(a+) and fBa+f(x)da(x) exist, and iff(x) is non-increasing, then

f(a +) Lb. [«(*) - a(a +)] g  f    f(x)da(x) g f(a +) u.b. [a(x) - a(a +)].
a¿xáb J a+ oSiäi

Let us consider the case &< oo, A =a; the details for the other cases are

similar and may be left to the reader. We determine, for e>0, a function

0 = 5(e) >0 such that

/*-
dct(t)

¡,_j

Then by use of Lemma 2.1,

.6-« /• b-S

lim ô(() = 0.
«-K)

/i b— ö /» if(t)da(t) ̂  f(b - 5)    l.b.       I       da(t)
a a^x^b—S  v  x

è f(b - S) l.b.        f    da(t) -   f    da(t)\
a¿x¿b L J x " b—t J

5; f(b - o) l.b.    f    da(t) - ef(b - 5).

' If fl= — oor a-\-€ means —« 1;iî b=-\-eo, b—c means €~\
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Let e—*0; then we obtain our inequality in one sense. The opposite inequality

is obtained similarly.

Lemma 2.3. Let <b(t) have bounded variation on a — x — b for every b>a; let

0(oo) exist. Then if fjp(t)a\f>(t) exists for every b>a, and ifyp(t) is, for t greater

than some to, non-negative, monotonie, and bounded, the integral fâ^(t)d<t>(t)

converges. If $(t) depends on a parameter, and if t0 and the bound for \p(t) are

independent of the parameter, the convergence is uniform with respect to the

parameter.

In the applications which we shall make, the lemma will usually occur

with <j>(t) an integral. When 0(i) is a step-function, the lemma reduces to

"Abel's test" for infinite series.*

The lemma is a simple consequence of Lemma 2.2. Assume 0^^(/)

<B,(t>to). Given e>0, choose T so large that for T">T' = T,

\<b(T")-<b(T')\ <*B~K

Take S'>S>T. Then

\l
S'

iKW)
s

f*0S")   u.b.    I <b(S') - <t>(S")

¿(5)  u.b.   |«ks")-<ks)|
SéS"éS'

according as \p(t) is non-decreasing or non-increasing, respectively ; and

$(t)d4>(t)    < e, S' > S > T.s:
This establishes the stated convergence.

Lemma 2.4. Let<j>(t-1), ̂ (i_1) satisfy the conditions of Lemma 2.3 witha>0.

Then the integral f^ip(t)d<j>(t) exists.

This is reduced to Lemma 2.3 by the change of variable t=u~l.

One simple application of Lemmas 2.3 and 2.4 is worth stating separately.

Lemma 2.5. If the 52 transform (1.3) converges, the integrals

^   da(t) Cm  da(t)

0+     1 — 1 «/ 2     a — t

(2i) f-ii,    rm
J 0+   1 — t J 2   1 —

converge.

If (1.3) converges, it converges for x = 1. Since the functions — 1/log / and

1/log / are positive, monotonie, and bounded on (0, 1/2) and on (2, <»), re-

* K. Knopp, Theory and Application of Infinite Series, 1928, p. 314.
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spectively, the convergence of (2.1) follows by Lemmas 2.4 and 2.3 from the

convergence of
C*   log/

'o+   1 -/

3. The determining function of an S2 transform. We prove the following

theorem :

Theorem 3.1. If (1.3) converges, then a(0+) exists, and

(3.1) a(t) - a(0+) = o(- 1/log/), /-+0,

(3.2) f   u-ldct(u) = o(l/log/), /-»•oo;

(3.3) a(t) = o(t/log /), / -> oo .

From Theorem 1.1 and Lemma 2.5 we see that

Jo+     1-/ J2     1-/   " Jo+     1-/'       h      1-/

converge; a simple application of Lemmas 2.3 and 2.4 then shows that

(3.4) f   da(t),
J 0+

(3.5) f   log tda(t),
J 0+

(3.6) f   /-Uog/daW,

(3.7) J    trlda(t)

exist. The existence of (3.4) implies the existence of a(0+). If we then write

/•' r' dß(u) r'
a(t) - a(0+) = da(u) = —^-L>     ß(t) =   I     log u da(u),

J 0+ J 0+  log U J 0+

we have, because (3.5) converges,

ß(t) = o(l), /-+0,

a(/) -a(0+)=p9- -  f   ß(u)d(l/log u), 0 < / < 1,
log /       J 0+

This is (3.1).

log »       ./ 0+

= 0(- 1/log/), /-*0.
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Since (3.7) converges,

I    t~lda(t) =  I      -dß(u),        ß(t) =  I    u-1 log u da(u).
J t J t      log U J t

The convergence of (3.6) implies that ß(°°) =0; hence

t-ida(t) = J^L _      ^¿(l/log«), / > l,
./ t log/        J|

=  Oil/log *), *->«>.

This is (3.2), and (3.3) may be obtained from it ; or we may proceed as follows.

Because

log / da(t)

converges,

Then with ß(2)= 0,

ß(t) =  f   log uda(u) - o(t), t-* »,

,a    /«   f iog«¿«(«)   r' ^(m)
a(0 - a(2) = -■- =   I-

J 2 log U J 2       log U

ß(t)

logt
-  f  ß(u)d(l/log u) = o(t/log t), t-

J 1

4. Properties of the Stieltjes transform. The Stieltjes transform in its

usual form

r°° dct(t)
(4.1) /(*)- —~

Jo     x + t

assumes a(t) of bounded variation in 0 = ¿ = R for every positive R. We shall

need to consider also the transform

da(t) . rR  da(t)

x + t

C     aa(t) C
(4.2) f(x) = —Y- =       lim

J o+   x + t       e-*o+, fi-»» J t

where a(t) is of bounded variation in (e, R) if only 0<«<i?< a>. For ex-

ample, if a(t)=t sin (t-1) when 0<<<1, and if a(t) =0 when t = 0 and when

].££/;§ oo, then (4.2) exists although (4.1) is undefined. On the other hand

/(x)=x_1 can have the representation (4.1) but not (4.2).

* D. V. Widder, The Stieltjes transform, these Transactions, vol. 43 (1938), pp. 7-60.
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By an obvious change of variable we have

da(t) Cx   da(t) 1    f"   tda(\/t)

o+

Ç°°   da(t) r™   da(f) 1   Çm  i(

J o+   x + t      J i     x + t       x J i      t + x-1

The first integral on the right is in the form (4.1); the second is also except

that x has been replaced by its reciprocal. This enables us to derive easily the

facts we need concerning (4.2) from the known results about (4.1).* In par-

ticular we showed in §3 that the convergence of (4.2) at x = 1 implies the exist-

ence of a(0+).

We summarize what we shall need in the following theorem:

Theorem 4.1. If (4.2) converges for some x0>0, it converges for every x>0,

and converges uniformly on any interval ic^x^ô, (0<5<ic<co); f(x) is ana-

lytic for x >0, and its derivatives may be evaluated by Leibniz' rule; furthermore,

(4.3) a(0 +) exists;

(4.4) a(t) = o(t), /^oo;

(4.5) /<">(x) = o(x-"-1), x-»0, m = 0, 1, 2, • ■ •  ;

(4.6) f^(x) = o(x~n), x-+ oo,» - 0, 1, 2, • • • .

5. The S2 transform as an iterated Stieltjes transform. The S2 transform

was obtained by formally changing the order of integration in

dt     r" da(u)C      dt    r" c
(5.1) -

J o+  x + tJ a+ to+  x + tJ o+  t + u

In this section we shall show that this formal process is not always permissi-

ble; that is, that (5.1) may converge when (1.3) does not. We shall show,

however, that when (1.3) converges, (5.1) also converges, and we shall ob-

tain necessary and sufficient conditions for the convergence of (5.1) to imply

that of (1.3).

Definition 5.1. Let ot(t) be a normalized function, of bounded variation on

every (e,R), (0 < e < R < <x> ). Then the iterated integral (5.1), if it exists, is called

an iterated Stieltjes transform; a(t) is called its determining function.

Lemma 5.1. The function
1 u

H(u) =-log ——
log m u + «

decreases if 0 < e < e_1 and 0 < u < e~x — e.

* G. H. Hardy and J. E. Littlewood, Notes on the theory of series (XI) : On Tauberian theorems,

Proceedings of the London Mathematical Society, (2), vol. 30 (1930), pp. 23-37; D. V. Widder,

op. cit.
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For the proof, we have

1/1 1    \ 1 u
H'(u) =-1-)-log-

log«   \M U + (/ «(log u)2 U + (

— 1    (    u log (u + e)\

u log u\u + e log u     )

which has the sign of the expression in the braces. For 0 <u <e~1, the function

u log m-1 increases; and if 0<M-f-e<e-1, then

1 1
(w -f- «) log-> u log —,

u + e u

log (« + e) u

log u u + t

and we have H'(u) <0.

Theorem 5.2. If the 52 transform

log (x/t)

o+

converges, then the iterated Stieltjes transform

r °° log (x/t)
(5.2) I "da®

J ru.       x — t

Í — CJ 04-      X   +   tJ UJ

dt      Çm  da(u)

.   x + t J o+  / + «

converges, and the two are equal.

By Lemma 2.5 and an application of Lemmas 2.3 and 2.4, it can be shown

that

da(u)

/. o+  t + u

converges; by Theorem 4.1, it converges uniformly on (e, R), (0<e<R< <»).

Hence for x>0,

J t      X + tJ o+   t + u        J o+ J <

dt

(x + t)(u + t)

Cm      x + R da(u)         r"      x+ e da(u)
=  I    log—-I    log-

J o+       u + R u — x      J o+      u + € u — x

= I + J.

We shall show that limje.« 7 = 0, lim4,0 J=f(x).
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We take any x>0 and fix it throughout the discussion. Then

Jl            (x+ e      u   \
-log(-— )da(u)

o+  x — u        \    x      u + e/

x + €  Ç x~s da(u)       /  Ç f       r I_s\        u + € da(u)

(5.3) x    J o+    x — u      \J o+     J {     / u      x — u

13

ax+s        /• « \        /x+ e      u    \ da(u)
+ 1     W-T-)

x-5          / *+i/          \     x        U + if x — u

= Jl+J2 + J3 + Ji+Js, 0<f<x-o<x.

In 74

X — M
log

/* + «    «  \ i i     rx/   i        i\

\    x      u + t) I      I *-«J, \i + e        //
eft

Fix 5, (0<5<x);then

1/4 I   =

(x - S)(x - S + «)

I da(u
x-t(x - h)(x - 8 + e)

With fixed S, it is clear that /i = o(l), (é-»0)

For u>0,

X + €  M -f" «'

)    =o(i), 0.

log
\     X M     /

is a positive, decreasing function of u; since

da(îi)

/. 24-8 X — M

converges, the integral /6 converges, by Lemma 2.3, uniformly with respect

to e, (0<e<l). Then we may let e—>0 under the integral sign in J6 and thus

obtain /¡¡ = o(l), («—>0).

Since e—>0, we may suppose that e<(2e)-1. Let f = (2e)_1. Then f4-€

< 1/e, and by Lemma 5.1, H(u) decreases for 0 <u <f. But 77(m) ̂ 0, 77(m) is

bounded (uniformly with respect to « for 0 < e < (2e)~x, lim€,0 77(«) = 0, and

72 =   I     H (u)-da(u).
J 0+ x — u

By Lemma 2.4, this integral converges uniformly with respect to e, since
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rMog(l/«)
I     -da(u)

J o+   x — u

converges, and we may therefore let e—>0 under the integral sign. Hence

/2 = o(l),(e->0).

Finally, log [(u+e)/u] is positive decreasing in /3; and

I r 1*1     r + e        K      I  frdaM
|73|álog-   u.b.       I      -

f     tsrs*-*\J{    x — u

= o(l), e^O.

To show that 7—>0, we set x=y_1, R = rj-1, and t = u~1. Then

r"     /v + y u\dß(u) r»
I =        logl-i—- -)^A 0(«) = - y       /¿«(ri),

./ o+      \n + u   y / y — u ■  J o+

which is an expression of the same form as (5.3) ; the S2 transform

log (x/t)

0+        x — t

C °°  log (x/t)
dß(t)

J n+        X — /

converges if (5.2) does, as the change of variable u = t~1 shows. Hence

limB,„7 = 0.

Theorem 5.3. If the iterated Stieltjes transform

r°°    dt     r" da(u)
(5.4) - —^

J 0+    X  +  t J 0+    t  +  U

converges, the S2 transform

log (x/t)

0+       x — t

converges (and is equal to (5.4)) if and only if

(5.5) a(t) -«(0+) = o(- 1/log/), /-»0,

J n+ X —  /

I     «  xí¿a(í<(5.6) I    u~lda(u) = o(l/log/), /-> oo .

If the S2 transform converges, it is equal to (5.4) by the previous theorem;

conditions (5.5) and (5.6) are satisfied, by Theorem 3.1.

To establish the converse, we take any fixed x>0 and consider separately

(5.7) f    — fJ 04-     X   +   t J o

dt      i"   da(u)

o+   x + t J o+  t -\- u
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dt      r°°  da(u)
(5.8)

Ç"      dt      Ç™ da(u)

J o+  x + tJx    t + u

For each of these integrals, we must show that the order of integration can

be changed. We need to do this only for (5.8). For, in (5.7) let us set t = s~1,

u = v~l, x=y-1. Then (5.7) becomes

r"     ds     r"   vdafa-1)
(5.9) -y —- —±-L,

J o+  y + sJ y       s + v

which has the same form as (5.8), if we write

ß(u) = - y f  vda(Tl),       ß(y) = 0;
J  y

also

u~xdß(u) = ya(r^ = o(l/log0,

if (5.5) is satisfied. Thus if we may change the order of integration in (5.8)

when (5.6) is satisfied, then we may change the order in (5.9) if (5.5) is satis-

fied, and hence in (5.7).

We consider

I(R)
rB     dt     Ç" da(u)

J o+   x 4- tJ x    t + «

which by hypothesis approaches a limit as R—* <x>. The integral

da(u)

/. t + u

converges uniformly for 0 — t^R, as one sees by applying Theorem 4.1, after

setting u=v+x, t=s—x. Therefore

'* dt
I(R) j   Mu)f

o     (x + t)(u + t)

x + R m "j da(u)/'"(       x + R u) da(u

x   \      u + R x ) u —

We wish to show that

'B log (u/x)/'" log (u/x)
da(u)

x U — X

has the same limit when R—> <x> as 7(72). We consider, for R>2x, the difference
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x + R r" da(u)        (•"      u + R da(u)x + R  r     da(u) r '
I(R) - J(R) = log- —^ -

X J R       U —   X J R
log-

+(r+nlogi±^í*
\J x J îx/ u + R  u —

u      u — X

x + R da(u)

X

= h +12 + h + n.

We note that the integral 7i converges by (5.6) combined with Lemma

2.3. Using Lemma 2.2 and applying (5.6), we obtain

m     da(u)

X      u

• da(u)

(5.10)

| Ji| = 0(logR) \f    -
\Jr    u

R I rR'da(
g 0(log R)-u.b.    I      —-

R —  X R'iR   \J r U

= o(l),

It is a simple consequence of (5.6) that

da(u)

R-+ 00,

*»*ft = o(l/logt), /-> oo.

Therefore, since log \(u+R)/u] is positive decreasing, (u>R), we have

'*' da(u)
| J21 ̂  log 2 u.b. —^>

ß'sß \Jr   u —
=o(l), R-> »

Also,

rB      x
r4=      iog-

J 2x        u

x + R

+ R
dß(u)

x + R x + R rR  ß(u)
= ß(R) log —^-  - ß(2x) log n    ,   n + -~- du

J 2x   u + R2R 2x + R

= o(l), R-y oo,

by use of (5.10).

Finally,

2x log (x + R) - log (u + R)

X — u-I/.
Si—j— f X\da(u)\ =o(l),

x + RJ x

da(u)

J?-> oo

To complete our discussion of the relations between the S2 transform and
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the iterated Stielt jes transform, we need to establish the following theorem:

Theorem 5.4. There exists a function a(t) of bounded variation on (0, »),

such that

C"     dt     r
(5.11) I     —-I

J o+  x + tJ o

dt      r"  da(u)

o+  x + tJ o+ t + u

C °°  log (x/t)
(5.12) * da(t)

J o+      x — t

converges, and

o+

diverges.

Let   {«„},   {«„'j,  (« = 1,  2, ■ • ■ ), be sequences of points such that

0<«„'+i<#n<Wn <1, and such that the series

"1 "     log Uf   - log Un

2-, \-'        2-,-;-
n-l   log Un „_1 log «„

converge (for example, w„ = 2~"s, ui =2~n'+n). Then the function

-   (log Un)'1, Un  <U   <  Un' ,

a(u)   =   ■   —   (2 log M„)_1, U =  Un, M =  Un' ,

0, elsewhere,

has the desired properties.

The total variation of a(u) on (0, °o) is

„_i logw„
Moreover,

/ 0+     u „_i  log UnJ un       u n~l

log «„ — log «„'
-■——— <  oo

log «„

Also, a(u)^0; a(0)=a(0+)=a(l)=0; a(u)-<x(0+)*o(-\/log u), (w->0),

since «(«„) = ( — 2 log w„)-1 (but a(u) =0( — 1/log m), (m—»0)), and

I      -a« =   I     oí(m)íím I      —
/ 0+        « / 04- / 0       \U./ o     (« + <)2

a(w)dw-rv-
/„       /o+   (m + 02

=  f"d,f1^l
/ 0 / 04-    U  +  t
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(the change of order of integration is legitimate because the integrand is non-

negative). Hence, by use of Lemmas 2.3 and 2.4, (5.11) converges. But (5.12)

must diverge, since (3.1) is not satisfied.

Chapter II. Inversion of the transforms

6. The inversion operator. In the remainder of this paper, unless the con-

trary is specified, all quantities are to be real, and the domain of all functions

is(0, »).

Definition 6.1.* For a function f(x) of class C2*-1, an operator LktX\f(x)]

is defined by

(6.1) Lk,x[f(x)] = ck(- *)*-l[**/(*)]<**-»,       h = 1, 2, ■ ■ ■ ,

1
(6.2) ci=l,        ck =—-, h = 2, 3, • •■ .
V k\(k-2)\

Definition 6.2. For a function f(x) of class C4*-2, an operator Hk,x\f(x)]

is defined by

(6.3) Hk,x[f(x)]=Lk,x{LkiX[f(x)]}.

Theorem 6.1. If f(x) is an iterated Stieltjes transform

dt     r°° da(u)
(6.4) f(x) =  f    -L- f

J o+   x + tJ eo+   x + tJ o+  t + u

then

(6.5) Hk,x[f(x)]=  f   Fk(u,x)da(u), ¿ = 2,3,
J o+

where

r" t2k~ldt
(6.6) Fk(u, x) = dk2xk-1uk I      -,
K      J Jo     (x + t)2k(u + t)2k

(6.7) dk = (2k-iy.ck.

We have
<l>(t)dt r" da(u)/'- <t>(t)dt r-^-,   4>(t) =

04-    X  +  t JaX  +  t J 0+    t  +  U

by Theorem 4.1,/(x) and <p(t) are of class C°°; their derivatives may be evalu-

ated by Leibniz' rule; and, for m=0, 1, 2, ■ ■ • ,

*<">« = o(t—i), t-*0,

<b(n)(t) = o(t~n), /-> oo.

* D. V. Widder, op. cit.



1939] THE ITERATED STIELTJES TRANSFORM 19

Now for k = 2

1  r , 1   r°°   34 /   x* \
-[x*/(x) ]<*>=- ( W'

k\J o+   dx* \x + //k: *J o+

t"<t>(t)

(x + t)k+1

If we integrate by parts k times, we find, by (6.8), that the integrated terms

all vanish, so that

[t*<b(t)Y»

Jo x + t

Thus

dt.

**-l[<V(0]<4)
dt**-![**/(*)]<*»-» = (- l)»-i(* - 1)! f

/ o (x -f /)*

- (- i)*-i r [i**«)]«» ^-(-í!-!-n\¿<
/ o di*"1 \x 4- //

We integrate by parts k — 1 times; the integrated terms all vanish, and we ob-

it,« [*(*)]

tain

(6.9) 7*,J/(x)] =   f    -^
Jo        x + t

If

dt.

g(x) =        TV
J 0+    x + t

r°°  tkdii(t)
Lk,x[g(x)] = dkX*-1

J OJ

0+    x + t

then

'o4. (x + ty

Applying this formula twice to (6.9), we obtain

tkLk,t[<b(t)]dt
/'    t L—

o       (
II^x + t)

(6.10)
K f"°     t2k~Ht     C"   ukda(u)Ç      tlk~Ht    r~  uk

Jo     (x + t)2kJ0+   (uo     (x + t)2kJo+   (u + t)2k

We now wish to change the order of integration in (6.10). Writing

uk

A(u, t) =-■
(u + t)2k
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we see, by use of (4.3) and (4.4), that

f   [a(u)-a(0+)]-A(u,t)du
J o+ ou

exists, and that

/d r"[a(u) - a(0 +)] — A(u, t)du =|     A(u, t)d[a(u) - a(0 +)]
o+ du J o+

-/

ukda(u)

o+   (/ + u)2k

(6.11)

Now consider the integral

dk2xk~1 I     ukda(u) |      -
•V Jo     (x + t)2k(u + t)2k       J0+

k = 2. For we anticipate the inequalities of Lemma 7.3; combined with (4.3)

and (4.4), they show that the last integral exists and is equal to

t2k-Ht

=  f   Fk(u, x)d[a(u) - a(0+)],
J o+

-  f   [«*(«) - o(0 +)] — Fk(u, x)du
J o+ du

/«»                                           pm        t2k~1(t — u)dt
[«(«) - a(0 +)]uk~Hu I-

0+                                              ^o     (x +/)2*(« +/)2*+i

The repeated integral is easily seen (compare (7.5), (7.6)) to be dominated by

f"i i
k  I     | a(u) — a(0 +) | u~lFk(u, x)du,

J o

which (because of (4.3), (4.4), and Lemma 7.3) converges (k^2); hence the

order of integration in the repeated integral can be changed, so that

Fk(u, x)da(u) = - d,2x*-i [«(«) - a(Q +)] -A(u, t)du.
J o+ Jo   (x + t)lkJo+ du

Referring to (6.11), we obtain (6.5).

Corollary 6.1.1. For k = 2,

log (x/t)

We may write

log (x/t)

r log (x/t) "I

ig (x/t) Ç °° log (at/«)
- =    I       -da(u),     a(u) =
x — / J0+     x — M

0,

1/2,

U,

0 = u < t,

u = t,

u > t.
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Then by Theorem 5.2

log (*//)       r"    du    rK da(v)

x — t J o+  x + uJ o+   t + v '

by Theorem 6.1

r log (x/t) "1        C °°
HklX\      6 = Fk(u, x)da(u) = Fk(t, x), k = 2.

L    x — t   J      J o+

7. Properties of the function Fk(u, x). We have the following lemma:

Lemma 7.1. If m = l, 2, ■ • • ; n = 2, 3, • • • ; n>m, then

/' °°   um~ldu       (m - 1) \(n - m - 1) !

o     (/ + «)" t"-m(n - 1)!

This is the familiar formula for the beta function.

Lemma 7.2. If k = 2, 3, • • • , then

/Fk(u, x)du = 1,
o

f00 r" /¿-iY
x I    u^F^u, x)du =   I     Ffci«, x)¿« = I-I.

These formulas are obtained by applying Lemma 7.1 twice to each of the

repeated integrals in question, after changing the order of integration.

Lemma 7.3. Ifk = 2,3, ■ • ■ and x>0 is fixed, then

(7.1) Fk(u, x) = 0(u-h+1), u -> oo ,

(7.2) Fk(u, x) =O(«*-0, M-+0,

d
(7.3) — Fk(u, x) = 0(u~k), u -> oo ,

du

d
(7.4) — Fk(u, x) = 0(uk~2), m-»0.

du

Since u/(u+t) <1, !/(«+/) <r\ and l/(u+t) <1, (u>0, t>0), we have

uk~lFk(u, x) ^ dk2xk~l \
J n

00     /2*-2t2k-2dt

o   (x + t)2k

which gives (7.1). We have also the following relation from which (7.2) fol-

lows:
dt Cx      dt

Fk(u, x) < dk2xk~1uk \    - ^ dk2xk-^uk~l \
Jo  (x + t)2k(u + t) Ji o  (x + tY
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Since
a r"    t2k-x(t-u)dtd r

(7.5) — Fk(u, x) = kdk2uk~ixk-1       —
du Jo   (xo   (x + t)2k(u + t)2k+1

and since for w>0 and />0 the inequality \t—u\/(u+t)<\ holds, it follows

that

(7.6)
a

— Fk(u, x)
du

Ú—Fk(u,x);

hence (7.3) and (7.4) follow from (7.6) combined with (7.1) and (7.2).

Lemma 7.4. Fk(u, x), as a function of u, increases for u <x and decreases for

u>x.

It is sufficient to establish this for x = 1, since Fk(u, x) is homogeneous of

degree —1, so that

Fk(u, x) = x-lFk(x-lu, 1).

We have, from (7.5),

1     d f°° t2kdt r" t2k~Ht/                t kdt C-uk I
o   (1 +/)"(« + t)ik+1           Jokdi du Jo (i + o"(« + ty+t     Jo (i + /)»(«+¿)!i+i

= II- It.

If we make the change of variable t=u/s, and replace s by t in the result,

we find that

r" t2k~Ht
= «'-' I

/ no   (1 + t)2k+\u + t)2k

r°° t2k~l r   i u   i
h - h = m4"1  I-dt

Jo    (I + t)2k(u + t)2k Ll + t      u + Ú

C* t2Ht

Jo   (1 + t)2k+*(u + t)2k+1

which has the sign of (1 — u).

8. Some preliminary limits. We establish the following lemma:

Lemma 8.1. IfO<y<l,then

r »   uk~rdu
(8.1) limW*| =0.

»-,«        Jo   (u + T)2k

If Q<y<l, then the function u(u + l)~2, which has a single maximum

(at w = l), increases on (0, y), and
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/• i    uk~ldu                        y*-1         r«       du
■-— < Uk- I    -;

o   (u + l)2k            (y+l)2k~2Jo   («+1)2

the last expression approaches zero (k—► »), since it is the general term of a

convergent infinite series. In fact, the test ratio for the series is

2(2Jfe + 1)        y

k - 1      (y + l)2

which approaches a limit less than unity (k—* oo ).

Lemma 8.2. Let

(8.2)

*(y) = f VFk(i, x)d*
J o

; (
'o   (x +/)2*(1 +/)2*

C v f • t2k~ldt
= dk2   I     x*-1¿x I    -

Jo Jo  (x + t)2k(

Then

(8.3) lim kHk(y) = 0, 0 = y < 1,

(8.4) lim k[l-Hk(y)] = 0, y > 1,

(8.5) limff*(l) = J.

We consider first 0<y<l. In (8.2) change the order of integration and

make the change of variable x = ut. Then

CK     rv"        (uñ^du
<8.6)     fr-g.w-J.af  (, +,).,(,+.).,

\ ./ 0      •/ 0 •/ «1«    •'  »I«   /

U^H^dudt

(«+ 1)2*(/+ l)2*'

since the integrand is nonnegative, and the domain of integration in (8.7)

includes that in (8.6). Thus

U'00   /*-!<*/ r"     tk~ldt   )

(t +  l)2k        J vm (t + l)2k)

j r"°  tk~Ht r00    tk~Ht  ï

I J.     (/   +   1)"    +Jv./2    (t+    l)2k)
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and
/■ yi/ä     uk~ldt

o (t + l)2i

since by Lemma 7.1 it is seen that

uk~xdu        k — I

'o  (« + l)2*
dkl   ,   .  ■... =-    -<l.

•/ o   (« ■

Then by Lemma 8.1, lim*^7/* (y) = O, (O < y < 1 ).

Now consider y>l. We have by Lemma 7.2

i0 **>x)dx = (-T-) '

But

(8.8) F*(l, x) = x-VtbT1, 1) = *-2F*(l, x-1),

and (8.4) thus follows by what has already been established.

Finally consider 7/*(l). Using (8.8), we obtain

77*(1) =  f   F*(l, x)dx =  f   x-2F*(l, x~l)dx =  f   F*(l, x)dx;
Jo J1 J1

277*(1)=J    Fk(l,x)dx=l—-)-+l, ¿^oo.

Lemma 8.3. Ifu^x, then

(8.9) lim Fk(u, x) = 0.

It is sufficient to consider Fk(u, 1), because Fk(u, x) =x_1F*(w/x, 1). Since

F*(0, 1) =0, we have by (7.6)

/>»   Q rv— F*(m, l)du ^ ¿ I    «-^»(k, l)du.
o    du J o

That is,

0 = F*(y, 1) = k f V*(l, «)d« = ¿77*00 = o(l), * -♦ « ,
J o

if 0 <y < 1, by Lemma 8.2. Since

F*(x, u) = xu~lFk(u, x) = m_1F*(xm_1, 1),
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we have F^y-1, 1) =Fk(y, 1); and (8.9) for u/x<l implies (8.9) for u/x>l.

It is interesting to compare Lemma 8.3 with the following lemma :

Lemma 8.4. 7/x>0, then

i /¿y'2
F*(x, x)~ — (—)    ,

X   \87T/

k —>  »
.        x \8tt/

For,

C"  f**-Ht 1
F*(x,x)=d*'x'*-i       —-—- = -d

/ o   (x + 0 X

A 1 (2* — 1)!(2* — 1)!

(4* - 1)!

and an application of Stirling's formula gives the result.

9. A singular integral. We prove the following lemma:

Lemma 9.1. If umß(u) is bounded and integrable on 0 — u = x for some in-

teger m^O, then for 0 < S < x

/' *-* 3
ß(u)—Fk(u, x)du-*0,

o du
k —> » ,

That the integrand is integrable for sufficiently large k follows from

Lemma 7.3. By (7.6)

/i x— Su-1\ß(u)\Fk(u,x)du.
o

Set u = xv, and assume |«m/3(«)| <B, (O^u^x). For £>j«-rT, we have

/. i-i~'í
v-11 ß(xv) | Fk(vx, x)dv

o

/• l-x~l&

= kx~l  I i)-11 ß(xv) I Fk(v, l)dv
J o

/» 1—x~ i v-m-xFk(v, l)dv
ao

i-*-1« /•» t2k~ldt
/* l—X       6 /*vk-m-ldv   I

n JoJo   (1 + t)2k(t + v)2k

l-x~lS /.« f2k-2m-l¿t
/► 1— x      6 /•vk-m-ldv   I

0 / 0 2k— 2mo  (1 4- t)2k~2m(t + v)

= ar^BkdidlljSt-m(l - ar>S)

= o(l), *-*«,

by Lemma 8.2, since dk/dk-m = 0(i), (¿—><»).
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Lemma 9.2. If ß(u) is bounded and integrable on (x, R) for every R>x>0,

and if ß (u) = 0(um), («—> oo ), for some integer m = 0, then for every ô > 0,

rn     d
Jk =  I     ß(u) — Fk(u, x)du -» 0,

J x+>        du
k—><x>

x+i

We proceed as in Lemma 9.1. Assume  |J8(«)w_m| <B for u=x. For

k>m+l, we then have

\jk\ = k j     m-1 | ß(u) I Fk(u, x)du
J x+i

= kBxm~l I vm~lFk(v, l)dv
J l+«-U

r" r"      t2k-Ht
= kBxm~ldk2   I vk+m-ldv I    -

Ji+x-U Vi   (1 + t)2k(t + v)2k

/>«•                                 /»°°                   ¿2Jfc-2m-l¿¿
vk-m-ldv   1       -

i+r-i»                Jo  (1 + /)2*-2m(/ + v)2k~2m

= kBx^dtdjlJi    ~m_~   \ - Hk_m(l + x-*i)\

= o(l), ¿—> oo.

Theorem 9.3. If 4>(u) is integrable on every (e, R), (0<e<R< oo), and if

there exist integers m=0, m = 0, such that

/(0(u~m),       w->0,

1 ( 0(un), U —* » ;

then for k sufficiently large, the integral

(9.2) Gk(x) =  j    Fk(u, x)4>(u)du
J 0+

exists, and

(9.3) limG*(x) = <¡>(x)
t-no

for every x>0 for which either

(9.4) I    | <K«) - 4>(x)\ du = o(\ t - x| ), /->x,

or <t>(x+) and <t>(x — ) exist with

(9.5) 4>(x) = $[<t>(x+) + 4>(x-)].
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We note that (9.4) is satisfied for almost all x, and, in particular, wherever

<j>(x) is continuous.*

We show first that (9.2) exists. For R>\,

Fk(u, x)4>(u)du =  I    Fk(u, x)dy(u)

= Fk(R, x)y(R) -  j    y(u) — Fk(u,x)du.
J i du

By Lemma 7.3 and (9.1), if k—n+2, this expression is

0(R-»-i)0(Rn) -  f   0(un)0(u-n-2)du,

which approaches a limit as R—> <x>. A similar argument shows that

/F*(w, x)<f>(u)du, k = m + 2,
o+

converges.

Since by Lemma 7.2 f^Fk(u, x)du = 1, (k = 2), we have

(9.6) Dk(x) =Gk(x) - <p(x) =  I     [0(«) - (j>(x)]Fk(u, x)du.
J o+

Let x be a point where (9.4) is satisfied, and set

ß(t , x) = J     [<t>(u) - <¡>(x)]du.

Then

f °° f " d
Dk(x) =  I    Fk(u, x)duß(u, x) = —  I    /3(m, x) — F*(«, x)¿«,

J o+ / 0 ^M

the integrated terms vanishing (for k sufficiently large) by (9.1) and Lemma

7.3. Assuming (9.4), we find that ß(u, x) = o(\u—x\), (u-*x); we can there-

fore choose ö, (0 <S <x), so that, e >0 being given,

(9.7) | ß(u, x)\ = e\ x — u\, \ x — u\ £ 8;

then

+ + )ß(u,x)—Fk(u,x)du
0 J x-i J x+t/ du

= I1 + I2 + h.

* See, for example, E. C. Titchmarsh, The Theory of Functions, 1932, p. 364.
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By using (9.1), we see that ß(u, x), as a function of u, satisfies the hypotheses

of Lemmas 9.1 and 9.2, and hence that

lim(7i + 73) = 0.
Jt—too

Since, by Lemma 7.4, Fk(u, x) increases for w <x and decreases for u >x,

/x /* x+5
| ß(u, x) I duFk(u, x) -  I       | ß(u, x) I duFk(u, x);

x-l J X

and if we use (9.7),

/» x /» ¡r-4-5
(x — u)duFk(u, x) — e I       (u — x)duFk(u, x)

x-s J x

/x+t
Fk(u, x)du

x-t

< e I    Fk(u, x)du = e,
J o

since Fk(u, x) ^0. Therefore

lim sup | Dk(x) | = e;
t—»00

and since e was arbitrary,

lim Gk(x) = <j>(x).
Í-»00

Now suppose that (9.5) is satisfied. Set

'4>(x —), u < x,

0(u) = < <b(x), u = x,

.<t>(x +), u > x,

u(u) = <t>(u) — 0(u);

then oi(u) is continuous at u = x, and u(x) =0. Hence

Gk(x) =   I    T'ti«, x)w(u)du + i    Ftí«, x)o(m)¿m;
J 0+ «J 0

w(m) satisfies the hypotheses of the theorem and satisfies (9.4) at u=x. By

what has already been established,

lim Fk(u, x)u(u)du = <a(x) = 0.
i-»°o   J Q+
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On the other hand,

/F*(«, x)6(u)du = <t>(x -)   I    Fk(u, x)du + 4>(x +) J    Fk(u, x)du
o / o J *

= x0(x — ) I    Fk(ux, x)du + x<t>(x +) J    F*(«x, x)du
/ o /1

= *(*-) f F*(m, 1)¿m 4- <t>(x 4-) f  F*(m, l)á«;
J o «/1

and

But

andforO<e<l,

(9.8)      f   F*(w, x)0(M)Jm = <¡>(x +) + [4»(x -) - <t>(x +)] f Fk(u, i)du.
J Q J 0

I   Fk(u, l)du =  I    wF*(l, u)du
Jo / 0

= 77*(1) -  f   (1 - «)F*(1, m)¿m;
•/o

f   (1 - w)F*(l, «)íím =  f     (1 - m)F*(1, w)dw + /     (1 — «)F*(1, u)du
J o / o /1-«

^  f     F*(l, u)du + e j    F*(l, u)du
J o / 0

/*- iy

By use of Lemma 8.2, we see that

lim sup   I    (1 — m)F*(1, u)du = e,
t—.00 J Q*-»00 •/  Q

and hence that

lim   f Fk(u, l)du = lim Hk(l) = 1/2.
*—»00     J  Q t—+00i->oo   J a

Thus (9.8) gives

lim   f   Fk(u, x)d(u)du = \[<t,(x +) + <t>(x -)],

and the proof of Theorem 9.3 is complete.
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Corollary 9.3.1. The hypothesis (9.1) may be replaced by the requirement

that the integrals

/um<t>(u)du, I    u-"<t>(u)du
o+ J i

exist, for some integers m,n=0.

We have only to verify (9.1). For u > 1, set

Then

^(w) =  I    t-"<t>(t)dt.

/• u /• u

y(u) =   I    <i>(t)dt =   I    /"#(/)

= \p(u)un - n I    tn-^(t)dt = 0(W),

A similar argument applies when m—>0.

10. Inversion formulas. We consider first the integral

r°°    dt    r°° <t>(u)du
(10.1) /(*) = ——

J o+   x + t J 0

U —» 00 .

S  +  / J 0+     /+«

where </>(«) is integrable on every (e, R), (0<e<R< <»).

Theorem 10.1. 7//(x) has the form (10.1), /â«m

(10.2) <p(x) = lim Hk,x[f(x)]
*-»«

/or almost all x>0.

Because of Theorem 5.2, this inversion formula serves also for S2 trans-

forms of the form

log (x/t)
JW =  I

J o+

By (4.3) the integral

f "  log (*/ ,

J o+     a; — /

/<p(t)dt, u > 0,

exists;by (4.4)

/<£(/)<*/ = o(u),
04-

W —r oo

0+



1939] THE ITERATED STIELTJES TRANSFORM 31

Hence 4>(t) satisfies the hypotheses of Corollary 9.3.1, and

lim   I    Fk(u, x)<t>(u)du = <t>(x)
t-»oo   J o+

for almost all x. But by Theorem 6.1

B*.*[f(x)] =  f  Fk(u, x)4>(u)du, k = 2.
J 04-

The same reasoning leads to the following corollary :

Corollary 10.1.1. Iff(x) has the form (10.1), then (10.2) ¿5 true whenever

<t>(x) = [<t>(x+)+<f>(x-)]/2.

Theorem 10.2. Iff(x) is an iterated Stieltjes transform of the form

Cx      dt      r°° da(u)

(10.3) /(*) = —- I      -±i.
J o+  x + tJ o+ t + u

with  a(t)   a  normalized function,   of bounded  variation  on  every   (e, R),

(0<e<R<oo),then

(10.4) a(x) - a(0 +) = lim   f   77k,,[f(x)]dt, x > 0.
*->« J o+

Because of Theorem 5.2, this inversion formula serves also for the 52

transform

log (x/t).. .       f * log (*/0 , fA
f(x) =   I       -da(t)

J o+      x — t

We begin by showing that the integral in (10.4) is defined. We write

ß(u)=a(u)—a(0+), (u^O), and consider, for y>e>0 and k~=2, the integral

CHklI[f(x)]dx =  fdxf   Fk(u,x)dß(u)
J, J t       J 04.

= —  J    dx j    ß(u)Fk(u, x)du;
J,        J a

(10.5)

the integrated terms in the integration by parts vanish because of (4.3), (4.4),

and Lemma 7.3. We may change the order of integration in equation (10.5)

and obtain

(10.6) j    Hk.x[f(x)]dx = -  j    ß(u)du f    —Fk(u,x)dx
J, Jq J <     du
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if

c    r°°\      d
(10.7) I    dx I     \ß(u)—Fk(u,x)   du

J t        J o du

is finite. By (4.3), (4.4), there is a constant A such that

\ß(u)\ = A(u+ 1), 0 Ú u < oo ;

then, by use of (7.6) and Lemma 7.2,

r°°|        d r°° u+1
I       ß(u) —Fk(u, x)  du^kA  I      -Fk(u, x)du

Jo du J o        u

Hence the integral (10,7) is finite, and (10.6) is true. But xFk(u, x) is homo-

geneous of order zero, so that by Euler's theorem

d !    ô  r i
— Fk(u, x) =-• — [xFk(u, x)\,
du u   dx

and (10.6) becomes

(10.8) J " Hk,x[f(x)]dx = J   u-*ß(u) [yFk(u, y) - eFk(u, e)]du.

Write

7(«) = e Í    u-lß(u)Fk(u, e)du.
Jo

For k = 3, at least, 7(e) is defined; we shall show that lim,_o 7(e) =0. We can

find, given 5 >0, constants r¡ and A >0 such that

Then

/9(«)| <iS,

ß(u) | < Au,

0 = u ^ ij,

u = 1).

/•" /•" 5 /k- 1\2
7(e) = §e5 I    u~lFk(u, e)du + At I    Fk(u, e)du = — (-J + ,4e.

For e<S/(2^4), we have |7(e)| <5; and 5 was arbitrary. Hence we may let

e—>0 in (10.8) and obtain

f l'Hk,x[f(x)]dx = y f   u-!ß(u)Fk(u, y)du,       y>Q,k = 3.
J 04- Jo
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The function u~lß(u) satisfies the hypotheses of Theorem 9.3, and satisfies

(9.5) for every positive u. Therefore

lim    CHk,x[f(x)]dx = ß(y) = a(y) - a(0 +) , y> 0.
*—»oo   J o_j.

11. The saltus operator. We make the following definition:

Definition 11.1. An operator hk¡í[f(x)] is defined by

hk.x [f(x)] = x(&r/ky2Hk.x[f(x)]-

Theorem 11.1. Under the hypotheses of Theorem 10.2,

(11.1) lim hk,x[f(x)] = a(x+) - a(x-), x > 0.
»-.00

We consider first the point x = 1. Introduce the functions

'«(I-), »<1,

iK«) =   «0), « = l,

.«(14-), u>i,

ic(u) = a(u) — \f/(u);

o)(u) is continuous at w = l, co(l)=0. Clearly

Bk.i[f(x)} =  f  Fk(u, l)du(u) + f   Fk(u, l)áKu).
J 04- J 0

Now

f   Fk(u, 1)#(«) = [«(1 +) - «(1 -)]F*(1, 1)
J o

(11.2)
/ k\112

~[a(l+)-«(l-)]^-j     , ¿^oo,

by Lemma 8.4. For k 3:3,

f   F*(«, l)dw(u) = - ( f     + f     + f    J <»(u)dFk(u, 1) = 7i + 72 + 73,
/ 04- \ •/ o •/ 1-, / 1+,/

where n, (0<?;<1), is chosen so that \u(u)\ <e/2 on (1— if, 14-»?), e>0 being

arbitrary. Now u(u) satisfies the hypotheses of Lemmas 9.1, 9.2, so that we

obtain

lim (7i + 7|) = 0.
t-»oo
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By Lemma 7.4, Fk(u, 1) increases on (1 — 77, 1) and decreases on (1, I+17),

so that

/> 1 /• l+l)
I «(«) I dFk(u, 1) -  j        I «(«) I dFk(u, 1)

1-, J1

i£y [2F»(1,1)- F*(l-„,1) -Ft(l+,,1)] ~«(~)    ,    *-»*,

by Lemmas 8.3 and 8.4. Thus

/8ir\1/2| f"
lim sup I — 1        I    Fk(u, l)du(u

*-»« \k / \J 04.
= *,

and e was arbitrary. Using also (11.2), we obtain (11.1) for x = l.

To establish (11.1) for x = x0rri 1, we set x=x0y, t = Xos, u = XoV in (10.3); a

simple computation gives

f"     ds     ¡"°   dß(v)
g(y) = Xo/(x0y) = -—  I       —;—> ß(v) = a(xtv).

Jo+  y + sJo+ s + v0+ y + sJo+

By what has already been proved,

But

— )    [<x(xo+) - a(x0 -)], A-*«.

3k.i[g(y)] =   f   Fk(u, l)da(x0u) =   I    T^xö"1«, l)da(u)
J 0+ «^ 0+

= x0 I    Fk(u, x0)da(u) = XoHk,x<l[f(x)].
J 0+

Hence (11.1) is established in general.

Chapter III. Representation of functions by iterated

Stieltjes transforms

12. Theorems on linear differential operators. We consider operators of

the form

(12.1) L[f(x)] = 2Zpn-i(x)f«Kx),
i—0

where pn-i(x)=Bn-iXi; the 7J< are constants, and Bo^O. We shall call an

operator of the form (12.1) an Euler operator* of order n. In this section we

* Because L[f(x)] = g(x) is an "Euler differential equation." E. L. Ince, Ordinary Differential

Equations, 1927, p. 141.
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collect the properties of Euler operators which we shall need later.

Theorem 12.1. If L\f(x)\ is an Euler operator of order », there exists an

operator L ¡f(x) ], of order n, called the adjoint ofL[f(x) ], such that for any func-

tions f(x) and g(x) of class Cn,

(12.2) g(x)L[f(x)] - f(x)L[g(x)] = -< P[f(x), g(x)],
dx

where

(12.3) P[f(x), g(x)] = ££(- l)'y<—-»(x) [Pi-X(x)g(x)Y»
,_i ,_o

»—1 n—1

(12.4) =EE Ai,f<»(x)g<»(x)xi+i+1,
,_o j-0

where the An are constants. Moreover,

(12.5) L\f(x)] = £(- iy[pn-i(x)f(x)Y»
•-0

(12.6) = ¿^,/<<>(x)xS An*0,
i—0

where the A < are constants ; in particular, L \f(x) ] is an Euler operator.

The formulas (12.3) and (12.5) are the standard expressions.* To reduce

them to (12.4) and (12.6), respectively, one carries out the indicated differen-

tiations and collects terms. The details are left to the reader.

Theorem 12.2. If L\f(x)] is an Euler operator of order n, if f(x) and g(x)

are of class Cn, and if

(12.7) /"(x)g«(x)xP+«+i-^o, 0á#S»-l;0áfá»-l,

ffí x—*0 a«¿ as x—»oo, then

f  g(x)L[f(x)]dx =  f   f(x)L[g(x)]dx
J o+ J 0+

if either integral converges.

Because of (12.2),

J   g(x)L[f(x)]dx - f   f(x)L[g(x)]dx = P[f(x), g(x)]    ,   0 < e < R < oo .

* See, for example, E. L. Ince, op. cit., pp. 123-124.
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By (12.4) and (12.7),

P[f(x),g(x)]=0(l), *-»0, X-+00.

Theorem 12.3. If L[f(x)] is an Euler operator of order n, a fundamental

set of solutions of the differential equation L \f(x) ] =0 is

(12.8) *•«, Xa' log x, • ■ • , x°<(log x)^-1, i = 1, 2, • ■ • , /,

where the a,- are complex constants, the Z»< are positive integers, and ?i_ 16,- = m.

Conversely, any set of functions of this form determines (except for a constant

multiple) an Euler operator of order n, for which the functions form a funda-

mental set of solutions.

This is essentially a restatement of known results.* We have

(12.9) L[f(x)] = ¿Z>\,_,-x'/«>(x).
i—0

If we set x = e', it is easily verified that

**/«>(*) = [E(7>-/)]/(e'),t

where D denotes d/dz, so that

£[/(*)] = £ Bn-i\ 2 (D - /)]/(*") = ¿ BLi&Ke*) = M[f(e')].
;_o L }_o J <—0

The linear differential equation with constant coefficients, M[g(z)] =0, has,

as is well known, a fundamental set of solutions

eai', zefi', • ■ ■ , z6i-1e°''*, i = 1, 2, • • • , /,

with
j

S °i  =   n>
1=1

where the a< are roots, of respective multiplicities £>,-, of the algebraic equation

]C"-o-^«-*'i< = 0- Replacing z by log x, we obtain the functions (12.8).

Conversely, let the functions (12.8) be given. There is a polynomial

P(t) =2~11-oBñ~iti having as roots the a¡ with multiplicities Z»,-. We can write

P(t) in the form

(12.10) p(o = ¿^.-i: (/-/).
i_0 Í-0

* E. L. Ince, op. cit., pp. 141-142.

t An empty product denotes unity.
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Then the operator L \f(x) ], defined by (12.9), with the constants Bi of (12.10),

will have the functions (12.8) as a fundamental set of solutions, as the first

part of the proof shows. Since P(t) is, except for a constant multiple, uniquely

defined, 7 \f(x) ] has the same property.

Theorem 12.4. If L \f(x) ] is an Euler operator of order w, andf(x, y) is of

class Cn and homogeneous of order —1, then Lx[f(x, y)] =Lv[f(x, y)].

From the expressions (12.1) and (12.5) for L\f(x)\ and L[f(x)], we see

that it is sufficient to establish the theorem for the special operator L \J(x) ]

= xkf<-k)(x), (k = l, 2, ■ ■ ■), that is, to prove that

(12.11) (-i)»T-T(y*My))-*»r-7/(«,'y).    *- 1,2, ••■,».dy" dx"

ForA-1, (12.11) is

âf       . df
— y-/ = *—»

dy dx

which is Euler's theorem for a homogeneous function of order —1.

We proceed by induction; assuming (12.11) for k — 1, we establish it for k.

The function x~k+1ykf is homogeneous of order zero ; applying Euler's theo-

rem, we have

d    ykf d   yk~lf
= — x-

Qy   xk-l Qx    xk-l

dk   ykf a r i    a*-1

dyk xk-i dxLx*-1   dyk

â r i    a*-1 i
= - x —-(yk~lf)

axLx*-1 ay*-1 J

a r i                     a*-1/!
= - x— -(- l)*-^*-1-^

a*/
= (-l)*x-^;

ax*

hence (12.11) is established for k.

Theorem 12.5. 77*,I[/(x)] has as a set of fundamental solutions

(12.12)        x", xMogx,        »-»—*, — * + lf- ••, — 1,0, 1, •••,*- 2.

There are 4¿ —2 of these functions; they are clearly linearly independent;

it is easily verified that Lk,x[f(x)] annuls xn, and transforms xn log x into a

constant multiple of xn, (n= —k, —k + \, • ■ • , k — 2), so that 77*,x[/(x)] an-

nuls all the functions (12.12).
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Corollary 12.5.1. Hk,x[f(x)] is an Euler operator.

13. An auxiliary kernel. We make the following definition:

Definition 13.1. An operator Q\f(x)] is defined by

(13.1)        Q [/(*)] = x[x2/'(x)]" = x*f'"(x) + 4x2/"(x) + 2xf'(x).

It is evident that Q \f(x) ] is an Euler operator.

Definition 13.2. A function E(x, t) is defined by

r log (x/t) "I

Lemma 13.1. Ifx>0,t>0,then

/u2du
-r.

o   (x + u)\t + uY

We have

log (x/t)

g

.,      log(*/í) f°° du
g<x) m-—  =   I    -,

x — / J o   (x + «)(/ + u)

/du                       1   .     r"           du-   =-L    I       -

o   (x + m)2(/ + m)             Xt       J0   (x + u)(t + u

r" uHu
[x2g'(x)]" = 2 \

J o   (x + «)'(/ ■k)3(/ + m)2

Lemma 13.2. If x>0 is fixed and m = 0, 1, 2, ■ • ■ , then

(13.3) — E(x,t) =0(Z-»-2 log/),
d/B

(13.4) — £(x,/)=0(r»),
âtn

/-^oo,

We have, from (13.2),

— E(x, t) = 2x(- 1)»(m + 1)! I    —-
dr Jo  (x + uY<<

u2du

(13.5)      /"
a»

ô/n
£(x, /)

r00      «
2x(m+ 1)!       ——-

^o   (x + u

(x + u)3(t + u)'

u2du

u)*(t + u)2

= (n+ l)\E(x,t).

From (13.2), we see that (13.4) holds for m=0; then (13.4) for m>0 follows

from (13.5). Also,
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/du -= 2x
„   (x + u)(t + u)

du log (x/t)
-= 2x

(x 4- u)(t + u) x — t

and (13.3) for «=0 follows; we obtain (13.3) for »>0 by use of (13.5).

Lemma 13.3. For k^3,

(13.6) 3kiZ[f(x)] = Mk.x{Q[f(x)]},

where Af*,,[/"(x)] is an Euler operator of order ik—5.

Simple computation shows that, for any real n,

Q[xn] = «2(« 4- l)xn,

Q[xn log x] = »2(« 4- l)xn log x -f- (3n2 + 2«)xn.

Hence Q[f(x)], applied to the functions (12.12), gives either zero or a linear

combination of the functions (12.12) other than 1, log x, and xr1 log x. By

Theorem 12.3, there is an Euler operator Mk,x\f(x)], of order 4£ —5, having

the functions (12.12), other than 1, log x, and x'1 log x, as fundamental solu-

tions. Then Mk,x{Q\j(x)\ ) annuls all the functions (12.12) and hence differs

from Hk,x\f(x)] at most by a constant multiple. If this constant is suitably

determined, (13.6) follows.

14. A general representation theorem. We prove first the following theo-

rem:

Theorem 14.1. If f(x) is of class C", if

(14.1) /(x) = o(l), x^co,

(14.2) f(x) = o(x~l), x^O,

and if

(14.3) f Hk,t[f(x)]dt < 0(x), x-» oo,

(14.4) f r<*+277*,,[/(x)]di <0(x-*k+2), x->0,

each of (14.3) and (14.4) holding for an infinite sequence of positive integers k,

then

(14.5) Q[f(x)] = lim f 77*,([/(x)]£(x, t)dt, x > 0,

and, for w=0, 1, 2, • • •  ,
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(14.6) /(l°(«) - o(sr»), X->oo,

(14.7) /<*>(*)- o(x~n~1), x->0.

Let k be an integer greater than unity for which (14.3) holds. Since

Bk,x\f(x)] is an Euler operator, we may apply a result of R. P. Boas,* in

virtue of which (14.1) and (14.3) imply (14.6) for m = 1, 2, • • • , 4¿ —4. Since

(14.3) holds for infinitely many k, (14.6) holds for all n. Similarly, (14.4) and

(14.2) imply (14.7) for m = 1, 2, • • • . Since /(*) satisfies (14.6), (14.7), the
function Q[f(x)] also satisfies (14.6), (14.7) (see (13.1)). With Lemma 13.2,

these relations imply

tp+«+x^Q\f(t)]^-E(x, t) = o(l)
dtp at"

for t->0, *->oo, p = Q, q=0. Then by Theorem 12.2,

(14.8) f  E(x,t)Mk,t{Q[f(t)]}dt=  f  Q[f(t)]Mk,t[E(x, t)]dt,
J o+ J o+

if either integral converges. But E(x, t) is homogeneous of order —1; by

Theorem 12.4, Definition 13.2, Lemma 13.3, and Corollary 6.1.1, we have

Mk,t[E(x,t)] = Mk,x[E(x,t)]

log (x/t)

r log (x/t) -j
= Bk,xi

= Fk(t,x), k = 2.
Hence (14.8) becomes

(14.9) f   E(x,t)Hk,t[f(x)]dt=  f   Q[f(t)]Fk(t, x)dt,
J 0+ •'0

where the right-hand integral converges for k^3, by Lemma 7.3 and the in-

equalities satisfied by Q [/(<)]. But Q [/"(/)] satisfies the conditions of Theorem

9.3 and is continuous for />0; hence

lim   f   Q[f(t)]Fk(t,x)dt = Q[f(x)],

With (14.9) this yields (14.5).

x > 0.

* R. P. Boas, Asymptotic relations for derivatives, Duke Mathematical Journal, vol. 3 (1937),

pp. 637-646, Theorem 2, with <t>(x) = x0(x) = x, and Theorem 3, with <¡>{x) = x~lei_x) = x~1.
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15. The iterated Stieltjes transform with non-decreasing determining

function. We make the following definition:

Definition 15.1. A function f(x) will be said to satisfy Conditions A if and

only if
(i) f(x) is of class C* on (0, =o ) ;

(Ü) f(x)=o(l), (x^^);f(x)=o(x~1), (*->0);

(iii) for an infinite sequence of positive integers k,

Hk.x[f(x)} è0, 0 < x< co.

Theorem 15.1. Conditions A are necessary and sufficient for f(x) to have

the representation

dt     r°° da(u)C       M     C
(15.1) /(*)= ——

/ 0+    X  +  t J 04' o+   x + tJ o+  t + u

with a(u) normalized and non-decreasing.

That Conditions A, (i) and A, (ii) are satisfied if f(x) has the form (15.1),

we know by Theorem 4.1; Condition A, (iii) follows from

»*.-[/(*)] =  f  Fk(u, x)da(u), k>2,
J o+

since Fk(u,x)=0.

If f(x) satisfies Conditions A, — f(x) satisfies the hypotheses of Theorem

14.1, so that

(15.2) Q[f(x)] = lim   f   Hk,,[f(x)]E(x,t)dt, x > 0.
fc—»CO      «/   Q_L

Formula (13.2) shows that 7i(x, t) is a positive decreasing function of t,

(0<t <<*>); and E(x, x) = l/(6x) (by Lemma 7.1). We then have, since

7/M [/(*)]= 0,

f   HKt[f(x)\E(x,t)dt^  f   Hk,t[f(x)]E(x,t)dt =E(x,x) f   Hkil[f(x)]dt,
/ 0+ / 0+ •'0+

a*(x) =  (' Hk,u[f(x)]du = 6x f   Hk,t[f(x)]E(x, t)dt.
•'04. •'04.0+ "  0+

We define a*(0) =0. If we refer to the proof of Theorem 14.1, we then have, by

relation (14.9),

(15.3) a*(x) ̂  6x f   Q[f(t)]Fk(t, x)dt, x > 0.
•'  0
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But by (14.6), (14.7), there is a constant A such that

Q[f(t)]=A(l + t-1), 0</<»;

hence, using (15.3) and Lemma 7.2, we have

ak(x) = 6Ax \    (1 + trl)Fk(t, x)dt
Jo

and

(15.4) ak(x) < 6A(x +1), 0 < x < oo ,

where A is independent of k.

The functions ak(x) (for k is the sequence of Conditions A) are non-de-

creasing and are bounded, uniformly with respect to k, in each interval (0, m),

(m = 1, 2, ■ • • ). By a theorem of E. Helly,* we can select a subsequence con-

verging in (0, 1), a further subsequence converging in (0, 2), and so on; by

use of the diagonal process, we then obtain a subsequence {ak((x)}, converg-

ing in (0, oo) to a non-decreasing function a(x). The relation in (15.2) states

that

Q[f(x)] = lira   f   E(x, t)dak(t) = lim   f   E(x, t)dak(t).
k—*tc    J o+ i—»00   J Q

By use of (13.4), (15.4), and the Helly-Bray theorem,! it follows easily that

or that

(15.5)

Ö [/(*)]=  f   E(x,t)da(t),
Jo

u2du
[x2/'(x)]" = 2 I    da(t) I    —-—

Jo J o   (x + u)3(t + u)2

'"  tp(t)dt

J o

m = t f
J n

(x + ty

da(u)

\    (t + u)2

The changes of order of integration, here and for the remainder of the proof,

* E. Helly, Über lineare Funktionaloperationen, Sitzungsberichte der Akademie der Wissen-

schaften, Vienna, vol. 121 (1921), p. 265.

f See, for example, G. C. Evans, The Logarithmic Potential. Discontinuous Dirichlet and Neumann

Problems, American Mathematical Society Colloquium Publications, vol. 6, New York, 1927, p. 15.
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are legitimate because the integrands are positive and a(t) is non-decreasing.*

Since [x2/'(x)]' = o(l), (x—*•<»), we may integrate (15.5) on (x, <*>), obtain-

ing
C"      C ^(t)dt

[x2f'(x)Y = - 2       dy\
J x Jo

Jo   (x

» (y + ty

tp(t)dt

(x -f t)2

Since x2f'(x) =o(\), (#—>0), we may now integrate on (04-, x) obtaining

tp(t)dt
x2f'(x) = - f'dy f

J o+     Jo

r " $(t)dt

Jo   x + t

0+    Jo (y + t)2

4t(t)dt

x +

The convergence of this integral implies, by use of Lemma 2.3, the conver-

gence of

r°° cm    f" **0)
I    u-l\f,(u)du =   I    du I    -———

J% Jt        J 0   (« + v)£

-/.'

dot(u)

Then we have

da(u)rw_r^,(f^)
Jo    x + t     \J o    t + uf

- a(0+) r"     dt        r" da(u)

x J o   (x 4- t)2 J o    t + u
since

Hi)-r.da(u)

' 0     t + u

has the properties <f>(<x>) = 0, and <t>(t)~a(0+)/t, (i—>0).f Thus

.. - «(o +)    r  ¿<   rM ¿«w.
x2 Jo   (x4-02Jo     < + «'

since/( oo ) = 0, we may integrate on (x, co ), obtaining

* The theorem which we use here is the analogue for Stieltjes integrals of the Fubini theorem

for Lebesgue integrals; see S. Saks, Theory of the Integral, Monografie Matematyczne, vol. 7, Warsaw,

1937, p. 77.
t D. V. Widder, paper cited in §3, p. 10. By the way in which a(t) was defined, we have a(0) =0.
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a(0+) f      dt      r."  da(u)
/(x) = —- + f       r

J o+   x + / J0x J 0+   x + tJ o     / + «

since/(x) =o(x-1), (x—»0), and since the integral has the same property,

a(0+)=a(0)=0, and the proof is complete. If «(/) were not normalized,

normalization would not affect the representation (15.1); actually, because of

Theorem 10.2, we see that our construction yields a normalized function a(t).

Theorem 15.2. Conditions A, and the additional condition

(15.6) f(x) = 0(x~1 log x), x -► oo ,

are necessary and sufficient for f(x) to have the representation

/"°°     dt     f" da(u)

0+  x + U o+ t + u

with «(/) normalized, non-decreasing, and bounded, on (0, <»).

If f(x) has the representation in question, Conditions A are satisfied be-

cause of Theorem 15.1. To establish (15.6), we change the order of integration

in (15.7)* and write

/{x)={f+fx YZ-?da{t)' *>1,

Then

= h(x)+h(x).

fi(x) =- f   log (x/t)da(t)
x — 1 J o+

log x r n 1      Cl
= -2— [«(1) - «(0 +) ]- log / da(t)

x— 1 x — 1J o+

= 0(x-1 log x),

logx   r"
f2(x) = —=— da(t) = 0(x~1 log x),

X — 1J i
X—► oo .

Conversely, if f(x) satisfies Conditions A, f(x) has the representation

(15.7), and it remains to show that (15.6) implies that a(t) is bounded. Now

(15.6) implies that for some constant M,

xf(x)
(15.8) lim sup-^—- ú M.

I-.»      log X

* See the last footnote but one.
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We may change the order of integration in (15.7), obtaining

...        f log(»/0 ,  ..
f(x) =   I       -—da(t);

J o+      x — t

since a(t) is non-decreasing and (log x —log t)/(x — t) is a positive decreasing

function of /, we have, for any R>0,

f(x) =  f
J n

* log (x/t)
-da{t)

o+     x — t

x — R   J o+ x — R
hence

x/(x)       . , log (x/R)      x
(15.9)     -^ = [a(R) - a(0 +)]

log x log X      X — Ä

If a(i) were unbounded, we could choose 2? so large that a(R) —a(O-f-) >2Af

and then obtain from (15.9)

x/(x)
lim inf -^- = 2M,

I-.00 lOg X

which would contradict (15.8). Hence a(t) is bounded.

16. A Tauberian theorem. Representation theorems for the iterated

Stieltjes transform with determining function in a class other than that of

non-decreasing functions are less easily established than the theorems of §15;

there are no available theorems on change of order of integration to carry

us, in general, from

Q[f(x)] =   f   £(x, t)da(t)
J o

to

/'°°      dt      C" da(u)

o+   x 4- t J o+  t + u

We shall use, instead, certain consequences of a Tauberian theorem of Hardy

and Littlewood,* which we quote as a lemma.

Lemma 16.1. If <j>(t) is integrable on every (e,R), (0<e<R<<»),if

<t>(t)dt        H
(16.1) A(x) =  f

J 00+   (x 4- 0"       X*

* G. H. Hardy and J. E. Littlewood, Notes on the theory of series (XI) : on Tauberian theorems,

Proceedings of the London Mathematical Society, (2), vol. 30 (1930), pp. 23-37; 33.
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with 0 <tr^p, H9^0, and if, for almost all t not less than some to,

(16.2) <¡>(t) = - Ktr—1, K>0;

then

r ' ht(p)
(16.3) *(fl =        <l>(u)du~——-—r-t"-*, /-co.

Jo+ r(o-)r(p - o- + i)

The theorem remains true when H = 0 if p>cr, and (16.1), (16.3) are inter-

preted as k(x)=o(x~"), <!>(/) =o(tp~°), respectively.

We have modified the original statement of the theorem somewhat, but

the modifications are unimportant in their effect.

We shall need also the theorem resulting from one case (p=<r = l) of

Lemma 16.1 by the substitutions / = u~x, y = x~1. For convenience, we state it

as the following lemma:

Lemma 16.2. If the Stieltjes transform

xp(u)dug(y) = f•' 04o+  y + u

converges, if\f/(u)> —M, (M >0), for almost all u, (0 <u < <x>), and if

Urn g(y) =G, G *0,

then

I.u~lp(u)du = G.
o+

We use Lemmas 16.1, 16.2 to establish the following theorem:

Theorem 16.3. Let \p(t) be integrable on every (e, R), (0<e<R<°o), let

(16 A) i(t)=0(l), /->oo,

(16.5) i(t)=0(t-'), *->0,

and let

(16.6) lim / I    u-x4,(u)du
i-H>+     J t

exist. Assume thatf(x), of class C°°, satisfies

'o(x~n), x—» 00

J""'W = <j

for m = 0, 1, 2, 3, and let

(o(x~n),

(16.7) /<->(«) = \    ;\o(x-n~x), x-*0,
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Cm tp(t)dt
(16.8) Wf'(x)]" = 2       -P±—> 0 < x < oo.

/o  (x 4- 0

Then

e(t) = j    u-y(u)du, t>0,

is defined, and

x +
f(x) =  I     -dt, 0 < x < » .

/o+ x + t

We integrate (16.8) on (x, y), (0 <x <y) ; application of Lemma 2.3 shows

that the integral converges uniformly on (x, y) ; therefore

by(y)Y - [«*/(*)]' = f m)[(x +1)-2 - (y + t)-2]dt
J 0

(16.9)
v C W(t)(x + y + 2t)dt

= (y — x)  I -•
Jo (x + t)2(y + t)2

As y-^oo, |y2/'(y)]'—>0, by (16.7). By use of (16.4) it is easily shown that

we have

/ty(t)dt-■-> 0, y—► « .
o  (x + t)2(y + t)2

By (16.7) and (16.8)

t^(t)dt

J0  (x
= o(X~1), X—r oo ■

+ ty

by (16.4), \bl/(t)\ <Mt, (t>\), for some constant M. By Lemma 16.1, with

p = 3, tr = l, 77=0,

y(t) m   I     up(u)du = o(/), / -> oo .
J 0

Then

/" M2 f U———-4/(u)du=   I dy(«)
o    (x -f- u)2 J0   (x + u)2

h(t)       r ' ,, x - u
=- —   I    y(u)-du

(x + ty    J„      (x + uy

=  0(t), t-r CO,

Hence
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'/.

t2í(t)dt = yrjWL=2yr
Jo (y + t)2      "Jo

<r(t)dt

(x + t)2(y + t)2      'Jo   (y + t)2        'Jo   (y + t)'

Collecting results, we find from (16.9) that

tp(t)dt

= o(l),    y-co.*

/.'o  (x + t)2(y + t)2

by (16.4), for fixed x>0 and some constant M,

- y~2[x2f'(x)]',

W)
(x +1)2

<
M

/> 1.

It follows easily from (16.8) that/(x) is analytic. The relation [x2f'(x)]'=0

is impossible (except in the trivial case/(x) =0, which we exclude from further

consideration) because (16.7) excludes all linear combinations (with constant

coefficients, not all zero) of the fundamental solutions 1 and x_1 of [x2f (x)]'

= 0; hence [x2/'(x)]' = 0 at most on a set S oí isolated points. For x not in S,

we can apply Lemma 16.1, with p = <r = 2, obtaining

r °° bp(t)dt
I = -  [x2f'(x)]'.

Jo   (x + t)2 JK H

This holds for x in S. as well, by continuity.

We integrate this relation on (y, x), (0<y<x), and obtain

*/(*) - y2f'(y) = (y-x) f —
Jo   (x

tp(t)dt

'o  (x + t)(y + t)

As y—»0 we have, by (16.7), y2f'(y) =o(l) and thus

tp(t)dt

I - xf'(x),
'o (x + t)(y + t)

also, by (16.4) and (16.5), for fixed x>0 and some constant M,

tp(t)

By Lemma 16.2
x + t

- xf'(x) = *-
J 04-      X

< M,

\¡/(t)dt
-;
+ /

0;

/ > 0.

for all x>0 for which f'(x) 5^0; since /'(x)=0 at most at a set of isolated

points, this relation holds, by continuity, for all x>0.

* We leave to the reader the proof of the simple Abelian theorem used here.
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A simple application of Lemma 2.3 shows that 0(t) is defined; we then

have

- */'(*) = -  f    -7- *(')
J 0+   x + t

A /•"      000
= —4-x        —^— <ft,

x J„+  (x-f-/)2

where ^4 =limiH.o+ t0(t) is defined because (16.6) exists. We now have

A        cK     0(t)
f'(x) =-j      -^— dt.

x2      J^  (x + t)2

Integrating on (x, y), (0<x<y), we have

/l      1\ c"        Kt)dt
f(x)-f(y)=A(-) + (y-x) ; ,

\*       y / Jo+  (x + i)(y + t)

r°°       e(t)dt l r A~\

Jo+   (x + t)(y + t)~^lf(x) ~ 7_T y
and

g(<)

x 4- f
= — > 0 < < < oo ,

for some constant M. By Lemma 16.1 (with p = o- = 1),

^ /■-    0(/)

X J04.     X
dt

for all x>0 for which/(x)— Ax^^O, and hence (by continuity) for all x>0,

since (16.7) excludes f(x) =Ax~l. But f(x) = o(x~1), (x—>0); and by (4.5) we

obtain

r"  e(t)
——dt = o(x-1),

J 04.    x 4- /

Hence ^4=0, and the proof is complete.

17. Determining function of bounded variation on (0, oo). We introduce

the following definition :

Definition 17.1. A function f(x) is said to satisfy Conditions B if and only

if
(i) f(x) is of class C™ on (0, oo ) ;

(ii) f(x)=o(x-1), (x^0);f(x) = o(l), (x^n);

(iii) for an infinite sequence of positive integers k,
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f  \Hk,t[f(x)]\dt<M,
J o

where M is independent of k.

Theorem 17.1. Conditions B are necessary and sufficient for f(x) to have the

representation

r°°     dt      r°° da(u)

(17.1) /(*)=/     -—I     -¿4»
J o+  x + tJ o+  t + u

where a(u) is a normalized function of bounded variation on (0, oo).

If f(x) has the form (17.1), Conditions B, (i) and B, (ii) are satisfied, by

Theorem 4.1. As for Condition B, (iii), by Theorem 6.1

I r°°
\Bklt[f(x)]\ = Fk(u, t)da(u)

^   f   Fk(u, t) ¡ da(u) |, iè2;
Jo

f  I #*.«[/(*)] | dt á   f   dtf   Fk(u, t) | da(u) |
J 0 J o       J 0

=   j    I da(u) |  j    Fk(u, t)dt*
Jo Jo

=   f  | da(u) | = M.
J o

To establish the converse we apply Theorem 14.1. Conditions (14.1),

(14.2), and (14.3) are evidently satisfied. To establish (14.4) we write

(17.2) ak(t) =   f   Hk,u{f(x)]du, /è0;
Jv

then

J  trik+2Hk,t[f(x)]dt = J  rik+2dak(t)

= ak(l) - ak(x)x-ik+2 + (U - 2) f   ak(t)t-ik+ldt
J  X

= o(x-ik+2), x —0,

* We have again used the Stieltjes analogue of the Fubini theorem. See the third footnote in §15.
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since ak(t) = o(l), (/—>0) ; this holds for the sequence of integers k of Condition

B, (iii). Theorem 14.1 now gives

(17.3) Q[f(x)] = lim   f   E(x,t)dak(t),
t—»00    J o

where ak(t) is defined by (17.2), and we think of k as restricted to the sequence

of Condition B, (iii) ; Theorem 14.1 also shows that relations (14.6), (14.7) are

satisfied.

Condition B, (iii) states that the functions ak(t) have uniformly bounded

variation on (0, <»). By Helly's theorem* we can pick a subsequence {ceki(f)}

converging to a function a(t) of bounded variation on (0, °o ). The function

E(x, t) is continuous on (0, <x> ) and approaches zero as t—> <» ; it follows easily

from the Helly-Bray theorem f that we may take the limit under the integral

sign, over the sequence {&,}, in (17.3). That is,

and

Q [/(*)] =  f   E(x,-t)da(t)
Jo

=   f   E(x,t)da(t),
J o+

I    | da(t) | g M.
J n

Using the expressions (13.1), (13.2) for Q[f(x)] and E(x, t), we obtain

r°°       r°°       u2du
(17.4) [x2f'(x)}" = 2       da(t)

Jo+ Jo   (x + u)3(t + u)1

tp(t)dt

Jo   (x

(17.5) ,Kf) = t f
•' 0J

(x + t)

da(u)
X

o+ (t + uy

We now apply Theorem 16.3. Clearly (16.4) and (16.5) are satisfied; also

/•" da(u)
g(t) = I   -~r-

J o+  t + u

exists because a(t) has bounded variation on (0, «>), g(t) =o(í-1)) (í—>0), (by

Theorem 4.1), and

* E. Helly, loc. cit.

t G. C. Evans, loc. cit.

Î For the change of order of integration, see the third footnote in §15.
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m = -tg'(t),
so that the limit (16.6) exists. Conditions (16.7) are contained in (14.6),

(14.7), which we saw above to be consequences of Conditions B, (ii) and B,

(iii), through Theorem 14.1. Then by Theorem 16.3,

dt     r* t(u)

J o+    X + tJ t u0+

dtr    dt   r
——        g'(u)du

J o+ x + tJ t

-f — fJ 04-    X  +  tJ 0

0+

dt      r°° da(u)

0+    X  +  tJ o+    /+«

(where we have used the fact that g(°°)=0). By the definition of a(t),

we obtain a(0)=0; that a(t) is normalized follows from Theorem 10.2 and

(17.2), because of the way in which a(t) was defined.

18. Determining function the integral of a function of 7>, (p>l). We

make the following definition :

Definition 18.1. A function f(x) satisfies Conditions C if and only if

(i) f(x) is of class C°° on (0, oo ) ;

(ii) f(x)=o(l), (x^co);f(x)=o(x-1), (x-*0);

(iii) for an infinite sequence of positive integers k,

f  \Hk,t[f(x)]\pdt<M, p>l,
J o

where M is independent of k.

Theorem 18.1. Conditions C are necessary and sufficient for f(x) to have the

representation

r"     dt      C" <t>(u)du

(18.1) /(*)=)      -— ^f-,
J o+   x + tJ 0+    t + u

with <l>(u) of class Lp on (0, oo), (p > 1).

If f(x) has the form (18.1), Conditions C, (i) and C, (ii) are satisfied, by

Theorem 4.1. As for Condition C, (iii),

Bk.x[f(x)] =  f   Fk(u, x)cb(u)du;
J o

then, by use of Holder's inequality and the Fubini theorem,
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f-J   í    \ <p(u) \"du =  I    \ <p(u) \"du j    Fk(u, x)dx

=  I    dx I    Fk(u, x) | 4>(u) \pdu
Jo       Jo

-/."{(/."f*("' *)d"V

J    Fk(u,x)\4>(u)\»du\dx,        l/p+l/q** 1,

- f   \  f   Fk("U' x)U"Fk(u> x)Up\n») I <*«) ¿*

= J   (j   Fk(u> *) I <KM) I ¿w) <**

I    F*(m, x)4>(u)du   dx
o   \J o

= f I H*.,[/(*)] l'a«,
Jo

We may take M =f0" | <£(«) | pfftt.

To establish the converse, we apply Theorem 14.1. We need only verify

(14.3) and (14.4). To do this, we have, for the sequence of integers of Condi-

tion C, (iii) by Holder's inequality,

\§* Hkit[f(x)]dt   =Xv«(§X\Hk,t[f(x)]\pdt)P=o(x),        x^oo,

I f   r**+277*,([/(x)]d*
J i

Up
<   ~-4*4-24.1/5

= o(x-4*+2), X->0.

Then by Theorem 14.1,

Q[f(x)] = lim   f   Hk,t[f(x)]E(x,t)dt,
t-+0O      J   Q

with k in the sequence in question; and (14.6), (14.7) are satisfied. By the

weak compactness of the space 7>,* there is a function <f>(t) of Lp, such that

for every function u(t) of 7,«, (l/p + l/q= 1),

* S. Banach, Theorie des Opérations Linéaires, Warsaw, 1932, p. 130. Banach gives the theorem

in question only for a finite interval, but it is equally valid for the infinite interval.



54 R. P. BOAS AND D. V. WIDDER [January

lim   I     Hk,,[f(x)]u(t)dt =   I    </>(t)u(t)dt.
jfc—»«      _/  Q •/   0

It follows from Lemma 13.2 that 72 (x, /) belongs to every L", (q>l); hence

_■[/(*)] = f *(0£(*. o*,
•/o

with <f>(t) belonging to 7>(0, oo). That is,

u2du
/r u<t>(t)dt      ■——

o J o   (x + u

Ht)

^ 0

-J"

(x + uY(t + u)2

tp(t)dt

(x + t)3

<j>(u)du

(t + u)2 ''

the change of the order of integration is justified by Fubini's theorem.

We now apply Theorem 16.3. By Holder's inequality

| t(t) \=t(f   | <t>(u) \pdu^j   V»Wff lip + I/q = 1,

= O(r1+1'<0, /-^0,/-»oo;

thus (16.4) and (16.5) are satisfied, and the limit (16.6) exists. Conditions

(16.7) are included in (14.6) and (14.7), which we have already established.

Moreover.

/,0? <f>(u)duTZ—' t>0'
o+   t + u

is seen to exist, by another application of Holder's inequality; ip(t) = —tg'(t);

and g(°°) =0. By Theorem 16.3

J o+   x + tJ t        u

Ç"     dt     r" <f>(u)du

J o+   x + tJ o+   t + u

and the proof is complete.

19. Determining function the integral of a function of class L. Theorem

18.1 fails when p = l, since for p = l, Conditions C reduce to Conditions B.

To treat the case p = l, we introduce the following definition:
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Definition 19.1. A function f(x) satisfies Conditions D if and only if

(i) f(x) is of class C* on (0, oo ) ;

(ii) f(x)=o(i), (x->«>);f(x)=o(x-i), (*^0);
(iii) for some infinite sequence of positive integers k, Hk,t[f(x)] belongs to

■£(0> °°)i and for m and n in the sequence,

hm     f  | 77m,([/(x)] - 77„.([/(x)] \dt = 0.

Theorem 19.1. Conditions D are necessary and sufficient for f(x) to have

the representation

dt     r" <p(u)du
(19.1) f(x) = f -— r

J n+    X  +  tJo0+    X + tJ 0+     t + u

with <j>(u) integrable on (0, oo).

If f(x) has the form (19.1), Conditions D, (i) and D, (ii) are certainly

satisfied. To verify Condition D, (iii), we note that for k = 2

/k —  \\2    /••» /»«> /.«
( —-— ) J    | *(«) | du = J    | 4>(u) | du J    F*(«, *)d*

=  1    ¿M    I 0(m) I Fk(u, t)du
Jo       Jo

=   f   I #*,.[/(*)] | <Ö,
•/ o

so that 77*,¡[/(x)] belongs to ¿(0, <»), (k^2). In addition

I #m [/(*)] - «(O | ^  f   F*(«, 0 | *(«) - 4>(t) | ¿«
•J o

=  f   F*(«, 1) | <t>(ut) - 4>(t) | du;
Jo

I #*,<[/(*)] - 4>(t) \dt=  [   dt f   Fk(u, 1) | <j>(ut) - 0(0 | d«,
o J o       J 0

if the iterated integral converges. It will converge if

(19.2) f   Fk(u, \)g(u)du
J o

converges, where

g(u) =  I    | <t>(ut) — <j>(t) | dt.
•I 0
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But for some constant A

g(u) < _4(l + «-*);

hence (19.2) converges (k^3). Furthermore, g(u) is continuous atu = l, and

g(l)=0* Corresponding to an arbitrary e>0, we determine 5, (0<S<1), so

that

g(u) < e, | u — 1 | < 5.

Then

/• °° /    /• 1-8 /• 1+8 /• ~ \

I    | Bk,t[/(*)] - «(/) | dt = ( +1       + )Fk(u, l)g(u)du
Jo \J o J l-t       J 1+1/

= h + h + h;

h = e f   F.(«, l)d« = e,
•/ o

/• 1-8 /. 1-8

IiS A  \       (1+ u~l)Fk(u, l)du ^ 2A  I      u~lFk(u, l)du
Jo Jo

/» 1-8
Fk(l, u)du

o

= 2AHk(l -b) = o(l),t *-»«,

73 = ^  f    (1 + vrl)Fk(u, l)du = 2A  f   Fk(u, l)du
J l+j J i+t

t2k-xdt
= 2Adk2  i    ukdu Í    —

J 1+Í Jo    (ui+, Jo     (u + t)2k(l + t)2k

w — dtc i     ■
J 14-i J 0     (U-11+, Jo    (« + /)2*-2(l  + /)

2Adk2 l/k - 2\2 \

= O(l), ¿—>  co .

It follows that

lim   f  | _?_.,[/(*)] -4>(t)\dt = 0,
t-»« •/ o

which implies Condition D, (iii).

* D. V. Widder, A  classification of generating functions, these Transactions, vol. 39 (1936),

p. 267.
t ff*(l — S) is the function of Lemma 8.2.
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We now establish the sufficiency of our conditions. Condition D, (iii) im-

plies* the existence of a function <f>(t), integrable on (0, oo), such that

lim   f \Hk.t[f(x)]\dt= f \4>(t)\dt,

hm   f   Hk,u[f(x)]du =  f  <j>(u)du, t > 0,
*-»oo   J Q J n

where k runs through the sequence of Condition D, (iii). Consequently,

f   \Hk,t[f(x)]\dt= f   \<t>(t)\dt+l
Jo Jo

for k greater than some k0, and k in the sequence. Thus/(x) satisfies Condi-

tions B, and by Theorem 17.1

f"      dt      C" da(u)

J o+   x + tJ o+ t + u

with a(t) a normalized function, of bounded variation on (0, oo). By Theorem

10.2,

a(t) - a(0 +) = lim    f   Hh,u[f(x)]du, t > 0.
*—»oo    J g

lim    I    Hki,a[f(x)]du =  I    4>(u)du,
*;—*oo     •/ o »^ 0

where {&,} is a certain subsequence of the integers, and consequently

a(t) - a(0 +) =   I    <¡>(u)du.
Jo

Hence/(x) has the form (19.1).

20. Determining function the integral of a bounded function. We intro-

duce the following definition:

Definition 20.1. A function f(x) satisfies Conditions E if and only if

(i) f(x) is of class C°° on (0, <x> ) ;

(ii) f(x)=o(\), (x^oo);/(x)=0(x-1), (*-»0);

(iii) for an infinite sequence of positive integers k,

\Hk,x[f(x)]\ = M, 0<x<oo,

where M is independent of k.

* See, for example, E. C. Titchmarsh, The Theory of Functions, 1932, pp. 387 ff.

But
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Theorem 20.1. Conditions E are necessary and sufficient for f(x) to have

the representation

/'"     dt     C" 4>(u)du
—rA   TT-'o+   x + / J o+   t + u

with <p(u) bounded almost everywhere.

Iif(x) has the form (20.1), we have only to verify Condition E, (iii). For

k ïï 2 we have

Fk(u, x)4>(u)du   £ M I    Fk(u, x)du = M,
o Jo

where | <j>(u) | ¿ M almost everywhere.

To show that the conditions are sufficient, we use Theorem 14.1, whose

hypotheses are evidently fulfilled. It follows that

Q[f(x)] = lim   f   Hk,t[f(x)]E(x,t)dt.
I—»eo   J o

By the weak compactness of the space of functions bounded almost every-

where,* there exists a function <p(t), bounded almost everywhere, such that

for every function w(t) of 7(0, oo)

lim   J     Hk,t \f(x) ]u(t)dt =   |    4>(t)w(t)dt.
i—>oo   J g J 0

Since E(x, i) belongs to 7,(0, oo), we obtain

/■ " r°° u?du r °° H>(t)dt
[x2f'(x)]" = 2        4(t)dt =2       f^-,

Jo Jo   (x + u)3(t + u)2 J0   (x + t)3

/•" <t>(u)du
rTZ^Ï'o   (/ + u)2

We now apply Theorem 16.3. Since

Uwl = M,
the conditions of that theorem are satisfied, and

m
■   x +

(20.2) •*
r"   r°° <t>(u)du

0(x) =  I    dt I
J x Jo

r"  e(t)
f(x)= -^J-dt,

J 04-     X + /

(/ + «)3

* S. Banach, loc. cit. Banach gives the theorem only for a finite interval.
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For y >x we have

4>(u)du
6(y) - 0(x) = (x - y)  I    —-A

Jo   (* + ».o  (a; 4- «)(y 4- «)

since the integral defining\p(t) is evidently uniformly convergent (x = i^y).

Hence

/:

<f>(u)du 6(x)

'o  (x + u)(y + u)

and

*(«)

x 4- M
¿ —

M

for almost all u, and for fixed x. By Lemma 16.1 (with p = o- = l),

4>(u)du

To      t + u

for all />0 for which d(t) ¿¿O. Since 6(t)=0 at most on a set of isolated points

(except in the trivial case/(x)=0), (20.3) holds by continuity for all r>0.

Substitution of this formula for 8(t) into (20.2) completes the proof.

Chapter IV. The representation of functions by 52 transforms

21. Determining function non-decreasing; determining function the in-

tegral of a function of class 7>, (j>>l). In these two cases the S2 transform

and the iterated Stielt jes transform are equivalent. The 52 transform is ob-

tained from the iterated Stieltjes transform by a formal change of the order

of integration. If the determining function is non-decreasing this formal proc-

ess is legitimate; it is also legitimate if the determining function is the in-

tegral of a function of class Lp, (p>l). In fact, if <f>(t) belongs to 7>, (p >1),

then

I r" <t>(u)du I     / r".        .     W r"    du    \
I     ^J—   =(        \ <t>(u)\pdu)    (        -)

|Jo     t + u   \     \J0  ' '      /    \J0  (t + u)*}

= (q- \)-un-Uv( f   I 4>(u) \*du\

and since t~llp/(x+t) is integrable on (0, 00), (x>0),

/' "     dt     Ç " I <t>(u) I du
0    x + tJ 0        t + u

exists and dominates

l/p+l/q= 1,
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dt     r" <t>(u)du/•"     dt     Ç" <t>(u)du

o    x + tJ o     t + u

.,,    r°° iog(x//)
/(x) =   I      -__■(/),

»/(H- X — /

We may therefore state the following theorems :

Theorem 21.1. A necessary and sufficient condition that

log (x/t)

' o+

with a(t) normalized and non-decreasing, is thatf(x) satisfy Conditions A.

Theorem 21.2. A necessary and sufficient condition that

r °° log (x/t)
f(x)= 4>(t)dt,

J o+      x — /

with<t>(t) belonging to L"(0, <x>), (p>l), is that f(x) satisfy Conditions C.

Corresponding to the representation theorems for the iterated Stieltjes

transform in the other cases, there are representation theorems for the S2

transform; in each case an auxiliary condition is imposed to make applica-

tion of Theorem 5.3 possible.

22. A lemma. We can make the following statement:

Lemma 22.1. Let

Bk(y) = f VFk(l, x)dx.
J a

*

Then there is a constant A such that

(22.1) y~ll2Hk(y) S A, 0<y^l/2,

uniformly with respect to k, (k^2).

We refer to the proof of Lemma 8.2 (page 23), where we find the relation

tk~Ht
■Xy) =-2dk[>

J 0\   (t + l)2k

Since /(/+1)-2 increases on (0, y1'2), we have

(yl/2                   \   k-l       /•  »Va              ¿f                                        I                   ylli                  \   t-l            ,yl/2

-) -=-2_.(- 1     —-
(y'2+l)2/     JB    (1 + /)2         \(yl/2+l)2/     l + y1'

But

(2k - 1)!

kl(k - 2)!
k^2.

' Hk(y) is the function of Lemma 8.2.
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By use of Stirling's formula, we see that there is a positive constant B such

that

dk g Bkl'222k, k = 2.

Since 0 <y = 1/2, there is a constant X < 1 such that

4yii2'yii2 + ij-j ^ x<

Then

#*(?) = SBk1'2^-^1'2^ + y1'2)-1 = Ay1'2, k = 2,

for a suitably chosen constant A.

23. Determining function of bounded variation on (0, oo). We prove the

following theorem :

Theorem 23.1. A necessary and sufficient condition thatf(x) have the repre-

sentation

0+

with a(t) a normalized function, of bounded variation on (0, oo), is that f(x)

should satisfy Conditions B, ffwff" that for an infinite sequence of positive in-

tegers k,

C °° log (x/t)
(23.1) /(*) = *       ,    da(t),

J 0+ X —  t

(23.2) log —I f   Hk.u[f(x)]du
t   | J 0+

<e(fl, 0</gl/4,

where lim(_o e(t) =0, ffwff" e(t) is independent of k.

We show first that if f(x) has the form (23.1), then (23.2) is satisfied. By

Theorem 5.2,/(x) is an iterated Stielt jes transform; hence

(23.3)

.<[/(*)] =   f   Fk(u,t)da(u),
J o

Hk.t\f(x)\ =   |    Fk(u, t)da(u), k^2,

I    Hk,,[f(x)]dt =        dt]    Fk(u,t)da(u) = i    ¿a(«) I    Fk(u,t)dt;
J o+ J 0+      J 0 " 0 "0

the change of the order of integration is legitimate because under our hy-

potheses, the last integral is absolutely convergent.*

The function

f  Fk(u,
J a

t)dt

* See the third footnote in §15.
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is a decreasing function of u. For, tFk(u, t) is homogeneous of order zero,

r) 1 f)

— Fk(u, t) =-—(_**(«, 0),
du u   dt

and

//•* dFk(u,t)dt =        —Fk(u,t)dt
o J o   du

d

ÔM«

= — xurlFk(u, x) < 0, m > 0, x > 0.

We now have, from (23.3),

J  -imL/Xx)],./ = ( j       + J   } da(u) j Fk(u,   t)dt = 7i + 72.

Using Lemma 2.2, which applies because fÔFk(u, t)dt is a positive decreasing

function of u, we obtain

| /i | _î (   lim    f  Fk(u, t)dt)  u.b.   | a(y) - _■(_ +) |.
\ ti-K)+   J 0+ / Ogi/aï1'2

But

and

J   F»(«, *)<& ^ J   F»(«, /)<*/ = (—7—) < 1»

(23.4) \li\£   u.b.   \a(y) - a(0 +) \.
0a»ä*1/s

Let

/.»
| da(u) | = Af.

o

Since foFk(u, t)dt is a decreasing function of u,

F^x1'2, t)dt = Mx1'2 I       /^(x1'2, x"2u)du, t = ux1'2,
o Jo

Ft(l,«)d« = MHk(x1'2).
0

According to Lemma 22.1, then, there is a constant A such that

| U| á ¿Mx1'4, ¿ ^ 2, 0 < x g 1/4.

Combining this with (23.4), we have
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\h + I*\ £*(*), 0<*Sl/4,

where

e(x) =  u.b.   | a(y) - a(0 +) \ + AMx1'*.

The function e(x) is independent of k, (k^2); and e(x) = o( — 1/log x), (x—>0),

since by Theorem 3.1,

u.b.   | a(y) - a(0 +) \ = o(- 1/log x1'2) = o(- l)/log x).

Conversely let us suppose that f(x) satisfies the conditions of the theorem.

Conditions B imply that

J'00     dt     C

04-   X + tJo

dt      r" da(u)

0+   X + tJo+   t + u

with a(u) a normalized function of bounded variation on (0, =0 ). By Theorem

10.2,

a(u) - a(0 +) = lim   I    Hk,,[f(x)]dt, u > 0.

Therefore

I a(u) - a(0 +) I log (1/m) = lim log (1/w) I f "Hk,t[f(x)]dt

But by (23.2),

0+

log(l/«)| f *Hk.t[f(x)]dt
J n

^ e(«), 0 < u ^ 1/4,

for some sequence of integers k. Hence

(23.6) \a(u) - a(0+)\ log (1/u) ^ e(u), 0 < u ^ 1/4.

Furthermore,

f    \da(u)\ = M,
Jo

and for/>0,

I  f " d«(«)
(23.7)

Ç" da(*

\Jt        u

M
á — = O(l/log/), /-> 00

t

Conditions (23.6) and (23.7) are the conditions of Theorem 5.2; since they

are satisfied, we may change the order of integration in (23.5) to obtain the

representation (23.1) for/(x).
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The condition (23.2) appears highly artificial; one might hope to replace

it by a weaker condition which, together with Conditions A would still be

sufficient for/(x) to have the representation (23.1). This, however, does not

appear to be possible. Inequality (23.2) states that

C Hkit[f(x)}dt = o(- 1/logx), x-+0,
J o+

where the function o( — 1/log x) is independent of k ; if the uniform o( — 1/log x)

is replaced by a uniform 0( — 1/log x) and a non-uniform o( — 1/log x), then

Theorem 23.1 ceases to be true. This is verified by the following theorem:

Theorem 23.2. There exists a normalized function a(u), of bounded varia-

tion on (0, oo ), such that

dt     r°° da(u)

x + t J o+  t + u

converges,

C      dt    r
/(*) = I  -—I

J o+   x + tJ o

log (*//)

I da(t)
o+      x — t

= M,     k è 2;0< *£ 1,

diverges,

(23.8) log(l/x)| fXHk,t[f(x)]dt
I J 0+

with M independent ofk, and

(23.9) log(l/x) f   77*,.[/(x)bi/ = o(l), x-+0,
J 0+

for each k = 2.

The function a(u) is defined by means of the sequences {«„j, {«„'}, as in

Theorem 5.4; the sequences are now further restricted by the conditions that

u'n+l   <  M»   , Un   <   2un, «  =   1,2,   •   ■   •   ,

and that
oo

X) (ui    —  Un)Un2
n-1

converges. For example, we might have

un = 2-2"2,        «„' =(14- n-2Un)un.

The first two statements of the theorem were established in Theorem 5.4.
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The proof of the necessity of the conditions of Theorem 23.1 shows that

(23.8) is satisfied if

a(u) = 0(- 1/log u), w ->■ 0,

(which is readily verified in this case), and that

/» x Í Cx''2       c °° \ cx
Bk.,[f(x)]dt = (   I        +1       )da(u)  \    Fk(u,t)dt

o+ Wo+ J x"2/ ^0

= 7i + I2,

with

72 = 0(x]'4) = o(- 1/log x), x ->• 0.

It remains only to show that for k = 2,

(23.10) Ii = o(- 1/log x), x->0.

Take x<«i2. We have IX = Q+R, where

- 1   r*
Q =  Z   :-       [?*(«., 0 - Fk(uñ,t)]dt,

n-no+l   lug M„ »/ 0

and Mo is determined by the condition uno=[xll2<unil-i;

R =

r1'2 = u- (2loguno)-' f Fk(uno,t)dt,
J 0

- (l0gWn„)~l   I      ^(«no, 0^, «no   <   X1'2   <  Uno,
J 0

- (log Un,)'1   f     [Fk(uno, t)   - Fk(u'no, t)]dt, M„0  <   X1'2  <  Mn„ -   1,
J 0

- (2  log «,,)-! j J       Fk(uno, t)dt   + j      [Fk(uno, t)   - Fk(Une, t)]dt\ ,

X1'2  =   Un

Now
d    Cx x

—       Fk(u, t)dt =-Fk(u, x);*
duJ o u

f   [Fk(un, t) - Fk(uñ,t)]dt = x(uñ - un)(uñ'YlFk(uñ', x),     uñ < uñ' < un,
J 0

hence

* See p. 32.
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SO that

OO /

(23.11) Q = x   £ FkX",*)-
7>=no+l   «n      log  Un

For «^«o4-l, we have «„' <m„0^x1/2; since m^+1 <m^, we have u'„0+x <x;

and (Lemma 7.4) F*(w, x) is an increasing function of wforiia«^+I, (^^2).

Thus, for «^«o 4-1,

Fk(ui',x) =Fk«,x), k = 2.

But

/. » s2k~lds
Fk(ui, x) = dk2u¿kxk-1 I    -

Jo  (^4«»')^ + ^

/' °°     sk~2ds__-_

o    (* + «.')"

Ak       Ak
=-^ ■— > n — n0 + 1,

Uñ Un

where Ak depends only on k. The function —1/log u increases for 0<m<1;

hence for n = n0+1, one has

- 1         - 1 - 1
<--^

log U„ log M„0 log X1'2

Relation (23.11) now gives

2AhX " Un  —  Un' 2AkX     "      Un  —  Un'
0<Q-î--    Z -— ^-r— £

logX     „=n„+l Un2 lOgX   „_l Un*

0(— x/log x) = o(— 1/log x), x—+0.

If u„0 = x1'2 = u'nw then

- 1    /•*
0 <-       Fk(uno, t)dt

lOg  Un, J 0

- 2ffV< Cx . ..   r00 î2*-1^

J 0 *^ 0logx    Jo Jo   (s + t)2k(s + O2*

- 2¿*V„  /• *      r °°      sk~2ds
<L<CXdtf
X       J o J 0lOg X       J0 Jo      (S + Une)2"

-Alx       -2Aix       -2A¿xm
-<-<-
M„0 lOg X «„'   log X log X
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where Ak depends only on k. Therefore,

-2A¿x1'2
0<R = -■-, «„„ =   *l/2 < «„„•

log X

If, on the other hand, «l0^x1/2<uno-i, then

0 <- f   [Fk(unc, t) - Fk(un„ t)]dt
lOg  «n, J 0

X(un<¡ -  U'„0)
Fk(u„0,x), «„„<«„„<«„„,

M„„ lOg Wn„

- Al'x

log x

where A¿' depends only on k, since

Fk(Una, x) g Ak/u'n\ = Ak/un„

and (u'na—«no)Mn02 is ^he general term of a convergent series. Therefore,

-Ai'x     Aix"2
0<R  =  --;-, «n0=   *1/2<«n0-l.

log x log x

We have shown that

Q + R = o(- 1/log x), x->0,

and the construction is complete.

24. Determining function the integral of a function of class 7.   The theo-

rem which we establish is little more than a corollary of Theorem 23.1.

Theorem 24.1. A necessary and sufficient condition that f(x) should have

the representation

r °° log (x/t)
(24.1) f(x) = 4>(t)dt,

J 0+       x — t

with (¡>(t) of class L on (0, oo ), is thatf(x) should satisfy Conditions D and (23.2).

The conditions are necessary, by Theorems 19.1 and 23.1, since (24.1) can

be written

C x  log (x/t)
f(x)= ,     da(t),

J o+      x — t

(24.2) a(t) =   I    <j>(u)du,
J no-
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(24.3) J     I da(t) | =   I     | </>(«) | du = M < °o .
J 04- Jo0+ •/ 0

The conditions are sufficient. By Theorem 19.1

dt     f* °° <j)(u)du

this we may write as

f °°     dt     rM 4>(u)du /•". ,

./ 0+    X "h  í «^ 0+      t + U Jo

dt      r°° da(u)r     dt   r

J 04-    X  4-  í J oo+   x4-íJo+   t + U

where a(0 is defined by (24.2) and has the property (24.3); and we have

(24.4) a(t) = lim   f   77*,u[/(x)]ffw, i > 0.
1-.00   •/ 04-0+

By Theorem 17.1

f   |77M[/(x)]|¿ííS Ü7,
•/ o

k = 2,3,

Then/(x) satisfies the hypotheses of Theorem 23.1, and

log (x/t)

where

C "  log (*/*)
(24.5) /(x)= /;dg(0,

^04. X  —   t

ß(t) = lim   J    Hk,u[f(x)]du, í > 0.
t->oo   «/ n4-*->oo   ./ o+

Comparing this with (24.4), we obtain

0(0 = a(t) =  I    4>(u)du,
Jo

and (24.5) reduces to (24.1).

25. Determining function the integral of a bounded function.   We prove

the following theorem :

Theorem 25.1. A necessary and sufficient condition that f(x) should have

the representation

rx log (x/t)
(25.1) f(x) = </>(t)dt,

J 04- X  —   t
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with 4>(t) bounded almost everywhere, is that f(x) should satisfy Conditions E,

and that for an infinite sequence of integers k,

(25.2) log x    I    t-lHk,t[f(x)]dt
J  X

S e(x), x ^ 4,

where lirrix-.«, «(*) =0, and e(x) ¿5 independent of k.

To establish the necessity of the conditions, we have only to establish

(25.2), because of Theorems 20.1 and 5.2. We have

Bk.t[f(x)]= f  Fk(u,t)4,(u)du,
J 0

j  r1Hk,t[f(x)]dt = J   ^dt(j   + f}Fk(u,t)<t>(u)du

= h + h.
To discuss 72, set

ß(u) =  I    trl<t>(t)dt.
J u

By Theorem 3.1,

(25.3) ß(u)  = o(l/logu), M->oo;

then, since Fk(u, t) =0(\/u), («—>■<»), we have

(25.4)

J    Fk(u, t)<t>(u)du = -   |    uFk(u, t)dß(u)

= ß(l)Fk(l, t) +  f  ß(u)—(uFk(u, t))du.
J i du

By the homogeneity of Fk(u, /),

— (uFk(u,t)) = -t — Fk(u,t);
du dt

therefore

r        d rx        d
(25.5) I    ß(u)—(uFk(u,t))du=-t\    ß(u) — Fk(u,t)du.

J i du J i dt

It is easily verified that, for each k, the integral on the right is uniformly con-

vergent for /^ 5 >0, and hence that we may take the symbol d/dt outside the

integral sign. Using (25.5) in (25.4), then, we obtain

(25.6) 72 = 0(1) j  t-iFk(l, t)dt - j  ß(u)Fk(u, t) du = u + w.
l—x
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Consider the integral

(25.7) J  ß(u)Fk(u, x)du = (f       + j    j ß(u)Fk(u, x)du.

/»O I -OO

ß(u)Fk(u, x)du\ =  u.b. I ß(u) I   I      Fk(u, x)du
xn* «a*1'1 J x11*

= u.b. \ß(u)\.

There is a constant B such that \ß(u)\ £B, (l=u<-o). Then

ß(u)Fk(u, x)du   = 'B I       Fk(u, x)du
i J i

-1/2

[January

Fk(vx, x)dv,
x-l

/x-U* Fk(v, l)dv
x-l

/x-U* vFk(l, v)dv
x-*

/.„-i/« F*(l, v)dv,
o

u = vx,

X >   1,

= 577*(x-1'2).

Applying Lemma 22.1, we then have

(25.9)

Now

ß(u)Fk(u, x)du = ABx~l!i,

ß(u) = o(l/\ogu),

x = A.

M —>  oo .

Combining (25.9), (25.8), and (25.3) and referring to (25.7), (25.6), we see

that for x^4

(25.10) | /2" | =    I    ß(u)Fk(u, x)d%
\ J i

g e^xVlog x,

where ei(x)=o(l), (x—»oo), and €i(x) does not depend on k.

We have still to discuss

Ix =  Í    fldt J    F*(m, t)4>(u)du
J x Jo
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and

II =i9(l) j   t-yk(l,t)dt.

For t>u, Fk(u, t) is an increasing function of u (Lemma 7.4); therefore for

t>l,

= MFk(l,t),
I r1

I    Fk(u, t)<j>(u)du
I Jo

where | <¡>(u) \ ^M almost everywhere. Hence

\Ii\umJ  i-V*(l, t)dt, x> 1,

and

| /i + It' | ¿ (M + I 0(1) | ) J*  rlFk(l, t)dt.

But for x>l,

f  trlFk(l, t)dt =  f      í-^tíl, j-l)ás, j/ = 1,
J x Jo

= r Fi(i, i)ds = r «p*(i, s)dj
Jo Jo

Ú  f    Fk(l,s)ds = Hk(x~l).
Jo

Again by Lemma 22.1, we see that

|7r + 72'| ge2(x)/logx, x^4,

where e2(x)=o(l), (x—>oo), and is independent of k. Combining this with

(25.10), we have (25.2).

We now establish the sufficiency of our conditions. By Theorem 20.1,

Conditions E imply that

C"     dt     C
(25.11) /(*) = —--

J 04.      X   +   U 0

dt     f" <p(u)du

.   X + t J o+     t + u

with \4>(u)\ ^M almost everywhere. By Theorem 10.1

(25.12) <t>(u) = lim 77*,„ \f(x) ]

for almost all u. Since (25.2) is satisfied, we have
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t-'Hk,t[f(x)]dt
X

= e(x)/log x, x = 4,

for an infinite sequence of integers k, with e(x) independent of £, and

e(x) =o(l), (Ä—»«). Then for k in the sequence,

|J% j Hk,Jif(x)]dt
-(xi)        e(x2)

+
log xx      log x2

x2 ^ xi = 4.

Let ¿—>oo in the sequence. By (25.12) and bounded convergence,

* *(0

Jx, /

.. I - *(*»)  , «(**)
ffi    è-1-1

[       log Xi       log X2
x2 = Xi ^ 4.

Therefore

J    trl(j>(t)dt

converges, and, if we set xx=x and let x2—>°o, we obtain

(25.13)

Moreover,

(25.14)

<t>(t)f    —
\J x t

dt
log X \log xl

1 r'
I    <t>(u)du

J a
Mt = o(- 1/log 0,

x —> 00

*->0.

Relations (25.13) and (25.14) are the conditions of Theorem 5.3; this theorem

now permits us to change the order of integration in (25.11), obtaining the

representation (25.1) for/(x).
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